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éó�m

½Â (�5¼ê)

� V ´ê� K þ����5�m§K V � K ����5N�¡����5
¼ê"

~

£ 1 ¤�â�5N��Ý
�éA'X§Kn þ�?��5¼ê f éAu�|
ê a1, a2, · · · , an§¦�

f (x1, x2, · · · , xn) = a1x1 + a2x2 + · · ·+ anxn"

£ 2 ¤,¼ê tr : A 7→ tr (A) ´ K þ n× n Ý
�¤��5�
m Mn×n (K) þ����5¼ê"
£ 3 ¤XJ V = K[x] ´ K þ�õ�ª�N�¤��5�m§a ∈ K"½Â

fa (p (x)) = p (a) , ∀p (x) ∈ K [x]§

Kd��$��´���5¼ê"

�â�5�½Â§���5¼ê��k�|Äe��(½"�Ò´`§�±�

½Äe��£¤��Ø�?¿�¦¤5(½���5¼ê"
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éó�m

ü��5¼ê�Ú¼ê!���5¼ê���ê�ÈÑ�´�5¼ê§¤

± V þ��5¼ê�N��¤���5�m"

½Â

�5�m V þ��5¼ê�N�¤���5�m§P� V∗§¡� V �éó
�m"

XJ v1, . . . , vn ´ V ��|Ä§K÷ve�^���5¼ê f1, f2, · · · , fn§

fi(vj) =

{
1, i = j
0, i 6= j

= δij

¡� v1, . . . , vn ��|éóÄ"

�¤±¡�éóÄµXJ v = k1v1 + · · ·+ knvn§K fi (v) = ki§k

v =
n

∑
i=1

kivi =
n

∑
i=1

fi (v) vi,

��§

e f ∈ V∗§f (v) = f (∑n
i=1 fi (v) vi) = ∑

n
i=1 fi (v) f (vi) = (∑n

i=1 f (vi) fi) (v)§
¤±k f = ∑

n
i=1 f (vi) fi ´ f1, f2, · · · , fn ��5|Ü§�5Ã'5N´�

y"f1, f2, · · · , fn �¤ V∗ ��|Ä"
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~

� V = K[x]n−1 � K þgê�u n �õ�ª�N�¤��5�
m§a1, a2, · · · , an � K ¥� n �pÉê�§K3ù n �:���¼ê

fi (p (x)) = p (ai)§1 ≤ i ≤ n

´�5Ã'�£ÏLvonde Monde 1�ªy²¤"f1, f2, · · · , fn �
¤ V∗ ��|Ä§§´ Lagrange ��õ�ª

pi(x) =
(x− a1) · · · (x− ai−1)(x− ai+1) · · · (x− an)

(ai − a1) · · · (ai − ai−1)(ai − ai+1) · · · (ai − an)
, i = 1, 2, · · · , n.

�éóÄ"

�
ÚÑe!�V�5.§·�P f (x) = 〈f , x〉§ù
p x ∈ V§f ∈ V∗"



p��ê£þ°½°¬�§§��<µÁ��§mazhusl@fudan.edu.cn¤

1�ÙV�5.

éó�m

éó�m
XJ ϕ ∈ L (V)§K½Â ϕ∗ ∈ L (V∗)µϕ∗ (f ) = f ϕ = f ◦ ϕ§§´�
5¼ê��5N��EÜ§¤±�´�5¼ê"�

é α, β ∈ K§f , g ∈ V∗§

ϕ∗ (αf + βg) = (αf + βg) ϕ = αf ϕ + βgϕ = αϕ∗ (f ) + βϕ∗ (g)§

¤± ϕ∗ ∈ L (V∗)"

〈f , ϕ (x)〉 = f (ϕ (x)) = (f ◦ ϕ) (x) = ϕ∗ (f ) (x) = 〈ϕ∗ (f ) , x〉"
XJ ϕ 3�|Ä v1, . . . , vn e�Ý
� A =

(
aij

)

n×n
§K

k ϕ
(
vj

)
= ∑

n
i=1 aijvi¶� f1, . . . , fn ∈ V∗ ��A�éóÄ§Kk

ϕ∗ (fk) =
n

∑
j=1

〈
ϕ∗ (fk) , vj

〉
fj =

n

∑
j=1

〈
fkϕ, vj

〉
fj =

n

∑
j=1

〈
fk, ϕ

(
vj

)〉
fj

=
n

∑
j=1

〈

fk,
n

∑
i=1

aijvi

〉

fj =
n

∑
j=1

akjfj§

¤± ϕ∗ 3 f1, . . . , fn eéA�Ý
� A′"
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� V ´ K þ���5�m§V∗ ´Ùéó�m§�½ V ¥���
þ x§½Â V∗ ���¼ê x∗∗ Xeµ

x∗∗(f ) = f (x), f ∈ V∗"

N´�y x∗∗ ´ V∗ þ����5¼ê§Ïd´ V∗ �éó�
m (V∗)∗ = V∗∗ ¥�����§N� x 7→ x∗∗ ´��ü�§K�ê�
Ó§�N� x 7→ x∗∗ �¤ V �V∗∗ ����5Ó�"
k�§<���BP§3 dim V k��¬r�m V∗∗ Ú V ����
Ó§�Ò´§r V∗∗ ¥��� x∗∗ w¤ V ¥N����� x"lù�
�Ýw§V Ú V∗ Ò´p��5¼ê�m§ùÒ´��o<�ò��
�éó�m���"

5¿§ù«�Ó'X�kk���m�âk§� V �Ã���m
�§x 7→ x∗∗ �U´��ü�§l5ØU¬´��÷�"
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½Â

� U, V ´ê� K þ��5�m§g : U×V → K ´��N�§÷
v g (u,−) : V → K Ú g (−, v) : U→ K é?¿� u ∈ U Ú v ∈ V Ñ
´�5N�§d¡ g ´��V�5."ù
p§g (u,−) (v) = g (u, v)¶g (−, v) (u) = g (u, v)"

XÓ�5¼ê§V�5.�´d§��Ä5(½"

� u1, . . . , um ´ U ��|Ä§v1, . . . , vn ´ V ��|
Ä§U � u = k1u1 + · · ·+ kmum§V � v = l1v1 + · · ·+ lnvn§K

g (u, v) = g

(
m

∑
i=1

kiui,
n

∑
j=1

ljvj

)

=
m

∑
i=1

n

∑
j=1

kig
(
ui, vj

)
lj

= ([u]u′s)
′ (g

(
ui, vj

))
[v]v′s"

g 7→
(
g
(
ui, vj

))

m×n
�¤¤kV�5.�m� K þ m× n Ý
�m�

��V�"
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XJ ũ1, . . . , ũm ´ U �,�|Ä§ṽ1, . . . , ṽn ´ V �,�|
Ä§C = (C1, . . . , Cm) Ú D = (D1, . . . , Dn) ©O´
l u1, . . . , um � ũ1, . . . , ũm!l v1, . . . , vn � ṽ1, . . . , ṽn �LÞÝ
§

Kk

[ũi]u′s = Ci,
[
ṽj

]

u′s = Dj,

u´k

g
(
ũi, ṽj

)
= ([ũi]u′s)

′ (g
(
ui, vj

)) [
ṽj

]

v′s = C′i
(
g
(
ui, vj

))
Dj,

(
g
(
ũi, ṽj

))

m×n
= C′

(
g
(
ui, vj

))

m×n
D§

�Ò´`§3ØÓ�Äe§Ý
´�-'X"

duÝ

(
g
(
ui, vj

))

m×n
�-uIO.

(
Ir 0
0 0

)

§¤±



p��ê£þ°½°¬�§§��<µÁ��§mazhusl@fudan.edu.cn¤

1�ÙV�5.

V�5.

V�5.

½n

� g ´ U Ú V þ���V�5.§K7�3 u1, . . . , um ´ U ��|
Ä§v1, . . . , vn ´ V ��|Ä§9���K�ê r ≤ min (m, n)§¦�

g
(
ui, vj

)
=

{
δij§ 1 ≤ i, j ≤ r¶
0§ Ù§

"

d�§´

� L = {u ∈ U | g (u, v) = 0, ∀v ∈ V} = L (ur+1, . . . , um)§R =
{v ∈ V | g (u, v) = 0, ∀u ∈ U} = L (vr+1, . . . , vn)"©O
¡ L Ú R � g ���f�mÚm�f�m§¡ r � g ��"
w,§dim L = m− r§dim R = n− r"
� L = R = {0} �§¡ g ����òzV�5.§d�
k m = n � g ��"�Ò´`§g 3�|ÄeéA�Ý
���uÙ
1ê§��uÙ�ê§=�_"


