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� K ´��ê�§ϕ ∈ L (V) ´���5C�§ϕ �ØCf�m  
3 ϕ ��^¥åXé­���^"cÙ´§� 1 ��ØCf�m"

½Â (A��ÚA��þ)

� ϕ ∈ L (V)§e λ ∈ K§0 6= x ∈ V§¦� ϕ(x) = λx§K
¡ λ � ϕ ���A��§x � ϕ �éAuA�� λ ���A��
þ"

Eλ = {x | ϕ(x) = λx} ´ V ���f�m§¡� ϕ �éAuA�
� λ �A�f�m"
� A ´�� n× n-Ý
§e λ ∈ C§0 6= x ∈ Cn§¤á Ax = λx§K
¡ λ � A ���A��§x � A �éAuA�� λ ���A��
þ"

d� Eλ = {x | Ax = λx} �´ Kn ���f�m§¡� A �éAuA
�� λ �A�f�m"

5

Ý
�A���±´��Eê§
ê� K þ�5C� ϕ �A��þ�
½´ K ¥�ê"
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XJ�5C� ϕ : V → V 3 V ��|Ä v1, . . . , vn e�Ý


� A§v ∈ V§� v = (v1, . . . , vn)






k1
...

kn




§K

k ϕ(x) = (v1, . . . , vn)A






k1
...

kn




§u´k ϕ(x) = λx ��=

� A






k1
...

kn




 = λ






k1
...

kn




§¤±§�5C��A��¯K�z��AÝ


�A��¯K"

y� A ´�� n ��
§λ ´ A ���A��§K�3��A��
þ 0 6= x ∈ Kn§¦�

Ax = λx,

u´k λIn −A)x = 0§du x 6= 0 ´¤�Ñàg�§|��")§
�
k det(λIn −A) = 0¶�L5§e det(λIn −A) = 0§
K λIn −A)x = 0 k�") x§�â½Â§� λ ´ A ���A��"
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'uÝ
�A��§·�ke��5�"

½n

� A ��� n ��
"K

1 λ ∈ K ´ A �A���¿©7�^�� det(λIn −A) = 0¶

2 þ£e¤n�Ý
�A���Ùé���N¶

3 �q�Ý
k�Ó�A��¶

4 K þ λ �õ�ª det(λIn −A) =

λn − (a11 + a22 + · · ·+ ann)λ
n−1 + · · ·+ (−1)n det A � n gõ�

ª§Ù¥ xk c�Xê

�A �¤k n− k-�Ìfª�Ú× (−1)n−k
¶

5 A �A��£­êO�3S¤Tk n �§XJP� λ1, . . . , λn§

Kk
n

∑
k=1

λk = trace(A)§
n

∏
k=1

λk = det A¶

6 ØÓA���A��þ�5Ã'§¤kØÓ�A�f�m�Ú�

�Ú"
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½n (Schur ½n)

?�� n ��
3Eê� C þ7�qu��þn�
"

y²µ 8B{§� n = 1 �§g,¤á"
� A ´�� n ��
£ n > 1 ¤"K A 3 C þ7kA�� λ1 Ú�A�A�

�þ v1"*¿ {v1} � Cn ��|Ä {v1, v2, . . . , vn}§Kk

Av1 = λ1v1, Av2 =
n

∑
j=1

bj2vj, . . . , Avn =
n

∑
j=1

bjnvj¶

±Ý
P�

� A
(
v1 v2 · · · vn

)
=
(
v1 v2 · · · vn

)








λ1 b12 · · · b1n

0 b22 · · · b2n
...

...
. . .

...
0 bn2 · · · bnn







§

P B =
(

bi−1 j−1

)

(n−1)×(n−1)
"d8Bb�§�3�_Ý
 Q§¦

� Q−1BQ �þn�
§u´k
(

1
Q

)−1
(
v1 v2 · · · vn

)−1
A
(
v1 v2 · · · vn

)
(

1
Q

)

=

(
λ1 ∗
0 Q−1BQ

)

�þn�
" �
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~

1 � P Ú A ´Ó��
� P �_"

K
(
P−1AP

)k
= P−1APP−1AP · · ·P−1AP = P−1AkP§¤±

f
(

P−1AP
)

= P−1f (A)P§é?��õ�ªf (x)¤á"

2 � λ ´ A �A��

1 f (x) ´õ�ª§K f (λ) 7´ f (A) �A��¶
2 � A �_�§λm 7´ Am �A��§∀m ∈ Z¶

3 ∀µ ∈ K§µλ ´ µA �A��"
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~

1 � V � K þ�k���5�m§ϕ!ψ �¦{����5C�§
K ϕ �?�A�f�m7� ψ �ØCf�m¶

2 �é��pÉ�é�
p��Ý
7��é�
¶

3 � A!B � n ��
§� AB = BA§y² A!B 3Eê�þ7k
�Ó�A��þ¶

4 � V � C þ�k���5�m§{ϕι | i ∈ I} � V þüü¦{p
���5C�8£ I �±´Ã�8¤§K {ϕι | i ∈ I} 7�3ú�
�A��þ"
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c¡��§ê� K ���
�ØÓA���A��þ´�5Ã'�§
�é{`§�
�A�f�m�Ú´�Ú"�A�f�m�Ú�¤�

� Kn �§ù�Ý
�é�
�q"

½Â

� A ´ê� K þ��� n ��
§e�3 K þ���_Ý
 P§¦
� P−1AP �é�
§K¡ A 3ê� K þ�é�z"

Xþ½Â§� P−1AP = diag (λ1, . . . , λn) �§e
P P =

(
v1 v2 · · · vn

)
§Kk

A
(
v1 v2 · · · vn

)
=
(
Av1 Av2 · · · Avn

)

P diag (λ1, . . . , λn) =
(
λ1v1 λ2v2 · · · λnvn

)

¤±§k Avi = λivi (1 ≤ i ≤ n)§¤±�� A k n ��5Ã'�A�
�þ"

½n

ê� K þ�
 A 3 K þ�é�z�¿�^�� A 3 K þ�3 n �
�5Ã'�A��þ"



p��ê£þ°½°¬�§§��<µÁ��§mazhusl@fudan.edu.cn¤

18ÙA��

�é�zÝ


eP |λIn −A| = (λ− λ1)
n1 (λ− λ2)

n2 · · · (λ− λk)
nk§ù

p λ1, . . . , λk pÉ§K λi � A �A��§�¡ ni � λi ��ê­ê§

¡ dim Eλi
� λi �AÛ­ê"

�âSchur½n§��3 C þ�_Ý
 P§¦� P−1AP �þn�
¶
ÏLO� |λIn −A|§� λi 3é��þTÑy
 ni g¶


 P−1 (λiIn −A)P = λiIn − P−1AP ´��þn�
§Ùé��þ
k n− ni ��"ê§¤±��k�� n− ni ��"fª§u´

� rank (λiIn −A) ≥ n− ni§u´Ù)�

m Eλi
= {x | (λiIn −A) x = 0} ��ê£AÛ­ê¤7Ø�u ni"

½n

� A � C þ n ��
§K

1 e λ � A ���A��§K λ �AÛ­êØ�uÙ�ê­ê¶

2 A �é�z��=�§�z�A����ê­ê�ÙAÛ­ê�
�¶

3 A �é�z��=�é§�z�A�
� λ§rank (λIn −A) = n− (λ��ê­ê)"
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íØ

1 � ϕ ´ n ��5�m V þ�äk n �pÉA����5C�§K
3 V þ�3�|Ä§3ù|Äe ϕ �Ý
�é�
"

2 �5�m V �5C�3�|Äe�Ý
´é�
�¿�^�
´ V ´ ϕ �A�f�m��Ú"

~

� A =





−1 h 0
2h + 2 0 −2

0 −h2 − h 1





�ëê h �Û��§A 7��qu��é�
§¿¦ù����_
 P§
¦� P−1AP �é�
"

)µ A �A�õ�ª� λ3 +
(
−4h2 − 4h− 1

)
λ =

λ (λ + (2h + 1)) (λ− 2h− 1)§¤±A��� 0,± (2h + 1)"�nöÑØ�Ó

�§= h 6= − 1

2
�§Ý
kn�ØÓ�A��§¤±�é�z¶�n�¥k

ü��Ó�§�� h = − 1

2
¶ù�n�A��� 0§e�±é�z§7�qu

�"é�Ý
§l
�� A �"§� A Ø�"Ý
gñ"P �¦{Ñ"
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Cayley-Hamilton ½nÚ4�õ�ª

½n (Cayley-Hamilton ½n)

� A ´ê� K þ� n ��
§f (x) = |xIn −A|§K f (A) = 0"

y²µ f (x) = xn + a1xn−1 + · · ·+ an−1x + a0§¿� (xIn −A)∗ =
xn−1B0 + xn−2B1 + · · ·+ xBn−2 + Bn−1§(xIn −A) (xIn −A)∗ = f (x) In§¿

'�XêÝ
��(Ø" �

¤± |xIn −A| ´± A ���õ�ª§ù��õ�ª�kéõ§ùÙ¥gê�
$�Ä��õ�ª¡� A �4�õ�ª"

·K

1 �
 A �4�õ�ª´���¶

2 XJ m(x) ´�
 A �4�õ�ª§� f (x) ∈ K [x]§f (A) = 0§
K m (x) | f (x)¶

3 �
 A �4�õ�ª m (x) | |xIn −A|"
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~

1 ê¦Ý
 λIn �4�õ�ª� x− λ¶��§e A �4�õ�ª
´� x− a§K A = aIn¶

2

(
a 1

a

)

�4�õ�ª� (x− a)2
¶

3





a 1
a

b



 �4�õ�ª3 a 6= b �� (x− a)2 (x− b)§

3 a = b �� (x− a)2
"

��õ�ªkXe5�µ

½n

� λ1, . . . , λk � A �¤kpÉ�A��§m (x) � A �4�õ�ª§
K

(x− λ1) · · · (x− λk) | m (x) | det (xIn −A)"
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½n ({¼��½n)

� A ´ n �E�
§A =
(
aij

)

n×n
§K A �?�A��73e� n �

��

|z− aii| ≤
n

∑
j=1
j 6=i

∣
∣aij

∣
∣ = |ai1|+ · · ·+ |ai i−1|+ |ai i+1|+ · · ·+ |ai n|

(1 ≤ i ≤ n) ¥����¥"

~ (î�é�Ó`
7´�_
)

� A ´ n �E�
§A =
(
aij

)

n×n
§e |aii| > ∑

n
j=1
j 6=i

∣
∣aij

∣
∣ é¤

k (1 ≤ i ≤ n) Ñ¤á§K A 7�_"
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½n

�Ý
 A =
(
ai j

)

n×n
� n �{¼��ë¤�eZëÏ«�§z�ëÏ

«�¥¹k� A �A����ê�ù�«�¥����ê�Ó"

~ (,���¥�UvkA��)

� A =

(

2
1

2
−6 −2

)

§|λI2 −A| = λ2 − 1§A�� ±1 Ø3�

� |z− 2| ≤ 1

2
¥"�[��gCO� A =

(

2
1

3
−4 −2

)

§d����

�¥vkA��§�ü���vk�¹'X"


