
p��ê E��Æ£Á��¤

1�ª

��1�ª

��1�ª

�kü����g�§|¤��§|£� a11, a21 ü�êØ��"¤µ

{
a11x1 + a12x2 = b1

a21x1 + a22x2 = b2
§

Uì5ÊÙ�â6þJø�¦)�{µ1���§¦ a11§��

a11a21x1 + a11a22x2 = a11b2§

2~�1���§� a21 �§K��

a11a21x1 + a11a22x2 − a21 (a11x1 + a12x2) = (a11a22 − a12a21) x2

= a11b2 − a21b1



p��ê E��Æ£Á��¤

1�ª

��1�ª

��1�ª

¤±

½n

� a11a22 − a12a21 ∕= 0 �§

⎧
⎨
⎩

x2 =
a11b2 − a21b1

a11a22 − a12a21

x1 =
b1a22 − b2a12

a11a22 − a12a21

"



p��ê E��Æ£Á��¤

1�ª

��1�ª

��1�ª

c������§�µ

(a11a22 − a12a21) x2 = a11b2 − a21b1

� a11a22 − a12a21 = 0 �§

e a11b2 − a21b1 ∕= 0 K�§|Ã)¶
e a11b2 − a21b1 = 0 �§1���§´1���§��ª§¤±�

§|kÃ¡|)�



p��ê E��Æ£Á��¤

1�ª

n�1�ª

n�1�ª

ÏLl1���§¥~�1���§�·��ê§
{

a11x1 + a12x2 = b1

a21x1 + a22x2 = b2
§

��

∣∣∣∣
a11 a12

a21 a22

∣∣∣∣ x2 =

∣∣∣∣
a11 b1

a21 b2

∣∣∣∣¶én��g�§|
⎧
⎨
⎩

a11x1 + a12x2 + a13x3 = y1

a21x1 + a22x2 + a23x3 = y2

a31x1 + a32x2 + a33x3 = y3

§

�¢�aq�?n�§����
⎧
⎨
⎩

∣∣∣∣
a11 a12

a21 a22

∣∣∣∣ x2 +

∣∣∣∣
a11 a13

a21 a23

∣∣∣∣ x3 =

∣∣∣∣
a11 y1

a21 y2

∣∣∣∣
∣∣∣∣

a11 a12

a31 a32

∣∣∣∣ x2 +

∣∣∣∣
a11 a13

a31 a33

∣∣∣∣ x3 =

∣∣∣∣
a11 y1

a31 y3

∣∣∣∣



p��ê E��Æ£Á��¤

1�ª

n�1�ª

n�1�ª

2|^c¡������g�§|�)§��
∣∣∣∣∣∣∣∣∣∣

∣∣∣∣
a11 a12

a21 a22

∣∣∣∣
∣∣∣∣

a11 a13

a21 a23

∣∣∣∣
∣∣∣∣

a11 a12

a31 a32

∣∣∣∣
∣∣∣∣

a11 a13

a31 a33

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

x3 =

∣∣∣∣∣∣∣∣∣∣

∣∣∣∣
a11 a12

a21 a22

∣∣∣∣
∣∣∣∣

a11 y1

a21 y2

∣∣∣∣
∣∣∣∣

a11 a12

a31 a32

∣∣∣∣
∣∣∣∣

a11 y1

a31 y3

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

l��

(a11a22a33 − a11a23a32 − a12a21a33 + a12a31a23 + a21a13a32 − a13a22a31) x3

= (y1a21a32 − y1a22a31 − y2a11a32 + y2a12a31 + a11y3a22 − y3a12a21)

¤±§½Â
∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
= a11a22a33 − a11a23a32 − a12a21a33 + a12a31a23

+ a21a13a32 − a13a22a31



p��ê E��Æ£Á��¤

1�ª

n�1�ª

n�1�ª

¡
∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
= a11a22a33 − a11a23a32 − a12a21a33 + a12a31a23

+ a21a13a32 − a13a22a31

�n�1�ª£determinant¤"
§Ú��1�ª3½ÂVg���/Ä�þ��§=Uû½�§

|

⎧
⎨
⎩

a11x1 + a12x2 + a13x3 = y1

a21x1 + a22x2 + a23x3 = y2

a31x1 + a32x2 + a33x3 = y3

´Ø´é?¿� y1, y2, y3 Ñk��

)¶

n�1�ª��dXeÚ½5�)£l���g�§�����¤µ

é

{
a11x1 + a12x2 = b1

a21x1 + a22x2 = b2
�� x1§⇒

∣∣∣∣
a11 a12

a21 a22

∣∣∣∣ x2 =

∣∣∣∣
a11 b1

a21 b2

∣∣∣∣



p��ê E��Æ£Á��¤

1�ª

n�1�ª

é

{
a11x1 + a12x2 = b1

a21x1 + a22x2 = b2
�� x1§⇒

∣∣∣∣
a11 a12

a21 a22

∣∣∣∣ x2 =

∣∣∣∣
a11 b1

a21 b2

∣∣∣∣

¤±

⎧
⎨
⎩

a11x1 + a12x2 + a13x3 = b1

a21x1 + a22x2 + a23x3 = b2

a31x1 + a32x2 + a33x3 = b3

1 1�!��

�

∣∣∣∣
a11 a12

a21 a22

∣∣∣∣ x2 +

∣∣∣∣
a11 a13

a21 a23

∣∣∣∣ x3 =

∣∣∣∣
a11 b1

a21 b2

∣∣∣∣ (1)

2 1�!n�

�

∣∣∣∣
a11 a12

a31 a32

∣∣∣∣ x2 +

∣∣∣∣
a11 a13

a31 a33

∣∣∣∣ x3 =

∣∣∣∣
a11 b1

a31 b3

∣∣∣∣ (2)

3 1�!n�

�

∣∣∣∣
a21 a22

a31 a32

∣∣∣∣ x2 +

∣∣∣∣
a21 a23

a31 a33

∣∣∣∣ x3 =

∣∣∣∣
a21 b2

a31 b3

∣∣∣∣ (3)

(1)× a33 − (2)× a23 + (3)× a13 ⇒

∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
x2 = a33

∣∣∣∣
a11 b1

a21 b2

∣∣∣∣− a23

∣∣∣∣
a11 b1

a31 b3

∣∣∣∣+ a13

∣∣∣∣
a21 b2

a31 b3

∣∣∣∣



p��ê E��Æ£Á��¤

1�ª

n�1�ª

n�1�ª

ù� x2 c¡�Xê

∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
= a33

∣∣∣∣
a11 a12

a21 a22

∣∣∣∣− a23

∣∣∣∣
a11 a12

a31 a32

∣∣∣∣+ a13

∣∣∣∣
a21 a22

a31 a32

∣∣∣∣

Ón§(1)× a32 − (2)× a22 + (3)× a12 ⇒

−

∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
x3 = −a32

∣∣∣∣
a11 b1

a21 b2

∣∣∣∣+ a22

∣∣∣∣
a11 b1

a31 b3

∣∣∣∣− a12

∣∣∣∣
a21 b2

a31 b3

∣∣∣∣

ùq¿�X
∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
= −a32

∣∣∣∣
a11 a13

a21 a23

∣∣∣∣+ a22

∣∣∣∣
a11 a13

a31 a33

∣∣∣∣− a12

∣∣∣∣
a21 a23

a31 a33

∣∣∣∣



p��ê E��Æ£Á��¤

1�ª

n�1�ª

n�1�ª

∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
= a11

∣∣∣∣
a22 a23

a32 a33

∣∣∣∣− a21

∣∣∣∣
a12 a13

a32 a33

∣∣∣∣+ a31

∣∣∣∣
a12 a13

a22 a23

∣∣∣∣

9
∣∣∣∣∣∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
= a11a22a33 − a11a23a32 − a12a21a33 + a12a31a23

+ a21a13a32 − a13a22a31



p��ê E��Æ£Á��¤

1�ª

n �1�ª�Vg

Édéu§½Â��� n �1�ª�VgXeµ
4í½Âµ� n − 1 �1�ª®�½Â§K½Â

∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n

a21 a22 ⋅ ⋅ ⋅ a2n
...

...
. . .

...
an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣
=

n

∑
i=1

ai1 (−1)i+1 Mi1

Ù¥ Mkl �Ý

(
aij

)
n×n
y�1 k 1�1 l ���e���U�5�

�é �ü¤� n − 1 �1�ª§¡ Mkl � akl �{fª"£z�Ñ
´ n − 1 �1�ª¤"

��BO§ò{fªëÓÎÒ�3�å§¡ Aij = (−1)i+jMij ¡

� aij ��ê{fª"

�^8B{y²§�� n �1�ª¥k n! ���ê£L«k�kK¤
Ú§z��´Ø3Ó1§Ø3Ó�� n �ê�È"



p��ê E��Æ£Á��¤

1�ª

n �1�ª�Vg

ü�½Âµ
∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n

a21 a22 ⋅ ⋅ ⋅ a2n
...

...
. . .

...
an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣
= ∑

i1i2⋅⋅⋅in
�12⋅⋅⋅n��ü�

(−1)N(i1i2⋅⋅⋅in)ai11ai22 ⋅ ⋅ ⋅ ainn

Ù¥ N(i1i2 ⋅ ⋅ ⋅ in) ´�ü� i1i2 ⋅ ⋅ ⋅ in ¥��m��_Séê8"

lù�½Â��wÑ§�� n �1�ª¥k n! ���ê£L«k�k

K¤Ú§z��´Ø3Ó1§Ø3Ó�� n �ê�È"

�§� n = 2 ½ n = 3 �§þãü�½ÂéA��TÐ��"ù¿
Ø´ó,�§¢Sþ§é?¿ n �1�ªÑ¤á§·�ò3±�y²
ù�(Ø"

5

1�ª´ n × n �Ý
éA���ê�§´'uÝ
¥ n2 ��£��

� n2 �¤��¼ê"



p��ê E��Æ£Á��¤

1�ª

1�ª�5�

1�ª�5�

þn�Ý
�1�ª�uÙé���Èµ
∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n

0 a22 ⋅ ⋅ ⋅ a2n
...

...
. . .

...
0 0 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣
= a11a22 ⋅ ⋅ ⋅ ann"

y²µ é���ü� i1i2 ⋅ ⋅ ⋅ in§ai11ai22 ⋅ ⋅ ⋅ ainn ¥k�U�"���U
´ in = n, in−1 = n − 1, . . . , i1 = 1§d� i1i2 ⋅ ⋅ ⋅ in Ò´g,^S§

¤± N(i1i2 ⋅ ⋅ ⋅ in) = 0"ü�½Â

∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n

0 a22 ⋅ ⋅ ⋅ a2n
...

...
. . .

...
0 0 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣
=

∑
i1i2⋅⋅⋅in

�12⋅⋅⋅n��ü�

(−1)N(i1i2⋅⋅⋅in)ai11ai22 ⋅ ⋅ ⋅ ainn ¥�U�"��=k�

� a11a22 ⋅ ⋅ ⋅ ann§¤±k�y(Ø" □



p��ê E��Æ£Á��¤

1�ª

1�ª�5�

1�ª�5�

en�Ý
�1�ª�uÙé���Èµ
∣∣∣∣∣∣∣∣∣

a11 0 ⋅ ⋅ ⋅ 0

a21 a22 ⋅ ⋅ ⋅ 0
...

...
. . .

...
an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣
= a11a22 ⋅ ⋅ ⋅ ann"

y²µ é���ü� i1i2 ⋅ ⋅ ⋅ in§ai11ai22 ⋅ ⋅ ⋅ ainn ¥k�U�"���U
´ i1 = 1, i2 = 2, . . . , in = n§d� i1i2 ⋅ ⋅ ⋅ in Ò´g,^S§¤

± N(i1i2 ⋅ ⋅ ⋅ in) = 0"ü�½Â

∣∣∣∣∣∣∣∣∣

a11 0 ⋅ ⋅ ⋅ 0

a21 a22 ⋅ ⋅ ⋅ 0
...

...
. . .

...
an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣
=

∑
i1i2⋅⋅⋅in

�12⋅⋅⋅n��ü�

(−1)N(i1i2⋅⋅⋅in)ai11ai22 ⋅ ⋅ ⋅ ainn ¥�U�"��=k�

� a11a22 ⋅ ⋅ ⋅ ann§¤±k�y(Ø" □



p��ê E��Æ£Á��¤

1�ª

1�ª�5�

1�ª1�é�§1�ª��ØC

Dn =

∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n

a21 a22 ⋅ ⋅ ⋅ a2n
...

...
. . .

...
an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣

a11 a21 ⋅ ⋅ ⋅ an1

a12 a22 ⋅ ⋅ ⋅ an2

...
...

. . .
...

a1n a2n ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣
= DT

n

Ún

��ü��_Séê§3é�ü�¥ü�ê� ��§Ûó5UC"
=

N
(
i1 i2 ⋅ ⋅ ⋅ ij ⋅ ⋅ ⋅ ik ⋅ ⋅ ⋅ in

)
= N

(
i1 i2 ⋅ ⋅ ⋅ ik ⋅ ⋅ ⋅ ij ⋅ ⋅ ⋅ in

)
+Ûê

4 1 3 5 6 2 µ_Séµ(4, 1) , (4, 3) , (4, 2) , (3, 2) , (6, 2)
⇓

4 1 5 3 6 2 µ_Séµ(4, 1) , (4, 3) , (4, 2) , (3, 2) , (6, 2) , (5, 3)



p��ê E��Æ£Á��¤

1�ª

1�ª�5�

Ý
,�1£�¤¦~êc§Ù1�ª�u�1�
ª¦cµ

∣∣∣∣∣∣∣∣∣∣∣

⎛
⎜⎜⎜⎜⎜⎝

a11 a12 ⋅ ⋅ ⋅ a1n

...
...

...
ai1 ai2 ⋅ ⋅ ⋅ ain

...
...

...
an1 an2 ⋅ ⋅ ⋅ ann

⎞
⎟⎟⎟⎟⎟⎠k

∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n
...

...
...

kai1 kai2 ⋅ ⋅ ⋅ kain
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣∣∣∣

= k

∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n
...

...
...

ai1 ai2 ⋅ ⋅ ⋅ ain
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣∣∣∣

AOe1�ª,1£½,�¤�����"§K1�ª�""



p��ê E��Æ£Á��¤

1�ª

1�ª�5�

1�ªü1£�¤p�§1�ªCÒ
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 ⋅ ⋅ ⋅ a1n

...
...

...
ai1 ai2 ⋅ ⋅ ⋅ ain

...
...

...
aj1 aj2 ⋅ ⋅ ⋅ ajn

...
...

...
an1 an2 ⋅ ⋅ ⋅ ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= −

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n
...

...
...

aj1 aj2 ⋅ ⋅ ⋅ ajn
...

...
...

ai1 ai2 ⋅ ⋅ ⋅ ain
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣



p��ê E��Æ£Á��¤

1�ª

1�ª�5�

1�ª�,�1£�¤�z���Ñ´ü�ê�
Ú§Kd1�ª�uü�1�ª�Ú

∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n
...

...
...

b1 + c1 b2 + c2 ⋅ ⋅ ⋅ bn + cn
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n
...

...
...

b1 b2 ⋅ ⋅ ⋅ bn
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n
...

...
...

c1 c2 ⋅ ⋅ ⋅ cn
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣∣∣∣



p��ê E��Æ£Á��¤

1�ª

1�ª�5�

1�ª�,�1£�¤�k�\�,�1£�¤§
1�ªØC

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n
...

...
...

ai1 ai2 ⋅ ⋅ ⋅ ain
...

...
...

aj1 aj2 ⋅ ⋅ ⋅ ajn
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n
...

...
...

ai1 ai2 ⋅ ⋅ ⋅ ain
...

...
...

aj1 + kai1 aj2 + kai2 ⋅ ⋅ ⋅ ajn + kain
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

AOe1�ª,ü1£�¤���¤'~§K1�ª���""



p��ê E��Æ£Á��¤

1�ª

1�ª�5�

1�ªU1i1£½1i�¤¤áÐmª

ai1Ai1 + ai2Ai2 + ⋅ ⋅ ⋅+ ainAin = ∣A∣ , ∀i, 1 ≤ i ≤ n

a1jA1j + a2jA2j + ⋅ ⋅ ⋅+ anjAnj = ∣A∣ , ∀j, 1 ≤ j ≤ n

3�5�§|���{¥�uy§�1�ª¥�1£�¤����,
�1£�¤éA����ê{fª¦È�Ú�½´u""=

ai1Aj1 + ai2Aj2 + ⋅ ⋅ ⋅+ ainAjn = 0§1 ≤ i ∕= j ≤ n"

a1iA1j + a2iA2j + ⋅ ⋅ ⋅+ aniAnj = 0§1 ≤ i ∕= j ≤ n"

rùü�ªf�3�å§Ò����'Xª

n

∑
k=1

aikAjk = δij ∣A∣ =
n

∑
k=1

akiAkj

Ù¥ δij � Kronecker ÎÒ"



p��ê E��Æ£Á��¤

1�ª

Cramer {K

Cramer {K

�§�ê���þ�ê����5�§|§Cramer uy
Xe�¦)
{K

��5�§|
⎧
⎨
⎩

a11x1 + a12x2 + ⋅ ⋅ ⋅+ a1nxn = b1

a21x1 + a22x2 + ⋅ ⋅ ⋅+ a2nxn = b2

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
an1x1 + an2x2 + ⋅ ⋅ ⋅+ annxn = bn

(1)

�Xê1�ª

d =

∣∣∣∣∣∣∣∣∣

a11 a12 ⋅ ⋅ ⋅ a1n

a21 a22 ⋅ ⋅ ⋅ a2n
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣
∕= 0

�§|(1)k��)§
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1�ª

Cramer {K

Cramer {K

x1 =
d1

d
, x2 =

d2

d
, ⋅ ⋅ ⋅ , xn =

dn

d
; (∗)

Ù¥ dj ´òXêÝ
¥�1 j ��¤~ê�����1�ª§=

dj =

∣∣∣∣∣∣∣∣∣

a11 ⋅ ⋅ ⋅ a1 j−1 b1 a1 j+1 ⋅ ⋅ ⋅ a1n

a21 ⋅ ⋅ ⋅ a2 j−1 b2 a2 j+1 ⋅ ⋅ ⋅ a2n
...

...
...

...
...

an1 ⋅ ⋅ ⋅ an j−1 bn an j+1 ⋅ ⋅ ⋅ ann

∣∣∣∣∣∣∣∣∣
, j = 1, 2, ⋅ ⋅ ⋅ , n.

½n%¹n�Ü©µ3 d ∕= 0 �§

1 �§|k)¶

2 )´���¶

3 )�L�ª(∗)
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1�ª

1�ª�O�

1�ª�O�

��êiÝ

∣∣∣
(
aij

)
n×n

∣∣∣ �1�ªO�Ú½µ

1 u�1��´Äk�"�§eÃ§1�ª�"¶

2 ek§7�����ü1£1�ªCÒ¤§¦ (1, 1)  ��"¶

3 r1�1�·��ê\�Ù§1§¦1��þÙ§ �þ�"¶

4 2é���Ý
� (1, 1) fªEc¡nÚ§������þn
�1�ª§é��¦3�åÒ��T1�ª"

X

∣∣∣∣∣∣∣

⎛
⎜⎝

1 2 3

4 5 6

7 8 10

⎞
⎟⎠

∣∣∣∣∣∣∣
=

−4

−7

∣∣∣∣∣∣∣

⎛
⎜⎝

1 2 3

0 −3 −6

0 −6 −11

⎞
⎟⎠

∣∣∣∣∣∣∣
=

−2

∣∣∣∣∣∣∣

⎛
⎜⎝

1 2 3

0 −3 −6

0 0 1

⎞
⎟⎠

∣∣∣∣∣∣∣
= 1 × (−3)× 1 = −3
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1�ª

1�ª�O�

Vandermonde 1�ª

∣∣∣∣∣∣∣∣∣∣∣

1 1 1 ⋅ ⋅ ⋅ 1

a1 a2 a3 ⋅ ⋅ ⋅ an

a2
1

a2
2

a2
3

⋅ ⋅ ⋅ a2
n

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
. . .

...

an−1
1

an−1
2

an−1
3

⋅ ⋅ ⋅ an−1
n

∣∣∣∣∣∣∣∣∣∣∣

= ∏
1≤i<j≤n

(aj − ai)"

lþª�±wÑ§Vandermonde 1�ª�u"��=
� a1, a2, ⋅ ⋅ ⋅ , an ¥��kü��Ó"
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1�ª

1�ª�O�

Vandermonde 1�ª�A^µ

� a1, a2, ⋅ ⋅ ⋅ , an �pØ�Ó� n �ê§Ké?¿� b1, b2, ⋅ ⋅ ⋅ , bn§�

3�����gê�u n �õ�ª f (x)§¦�

f (ai) = bi§1 ≤ i ≤ n"

y²µ �½Xê§� f (x) = cnxn−1 + ⋅ ⋅ ⋅+ c2x + c1§�

\ f (ai) = bi¶

⎧
⎨
⎩

c1 + a1c2 + ⋅ ⋅ ⋅+ an−1
n cn = b1

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
c1 + anc2 + ⋅ ⋅ ⋅+ an−1

n cn = bn

Xê1�ª�"§�½�Xêk��)" □

¢S

þ§f (x) = ∑
n
i=1 bi

(x − a1) ⋅ ⋅ ⋅ (x − ai−1) (x − ai+1) ⋅ ⋅ ⋅ (x − an)

(ai − a1) ⋅ ⋅ ⋅ (ai − ai−1) (ai − ai+1) ⋅ ⋅ ⋅ (ai − an)
¡

� Lagrange ��õ�ª"
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1�ª

1�ª�O�

1 þ£e¤n�Ý
�1

�ª�uÙé���È

2 1�ª1�é�§1�

ª��ØC

3 Ý
,�1£�¤��
55�

4 1�ªü1£�¤p

�§1�ªCÒ

5 1�ª�,�1£�¤
� k �\�,�1
£�¤§1�ªØC

6 ��'Xª

n

∑
k=1

aikAjk = δij ∣A∣

n

∑
k=1

akiAkj = δij ∣A∣

�1�ª

∣∣∣∣∣∣

a1 1 a1 2 a1 3

a2 1 a2 2 a2 3

a3 1 a3 2 a3 3

∣∣∣∣∣∣
= d§

K

∣∣∣∣∣∣

2a2 1 −4a2 2 2a2 3

3a3 1 −6a3 2 3a3 3

−1a1 1 2a1 2 −1a1 3

∣∣∣∣∣∣
=º

∣∣∣∣∣∣

a11 a12 − 3a13 a13

−a21 3a23 − a22 −a23

a31 a32 − 3a33 a33

∣∣∣∣∣∣
=º

,µ

∣∣∣∣∣∣

a b c
b c a
c a b

∣∣∣∣∣∣
=?

∣∣∣∣∣∣∣∣∣∣∣∣∣

λ 0 0 ⋅ ⋅ ⋅ 0 an

−1 λ 0 ⋅ ⋅ ⋅ 0 an−1

0 −1 λ ⋅ ⋅ ⋅ 0 an−2

...
...

...
. . .

...
...

0 0 0 ⋅ ⋅ ⋅ λ a2

0 0 0 ⋅ ⋅ ⋅ −1 λ + a1

∣∣∣∣∣∣∣∣∣∣∣∣∣

=?
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1�ª

Laplace ½n

½Â

�� n × n-Ý
 A ¥� k (k ≤ n) 1§k ���:þ� k2 ���§U
�5�é �ü�¤�� k × k-Ý
§¡� A ���fÝ
§Ù1�
ª¡� A ���fª¶3 A ¥y�ù k 1!k ��{e���Uì�
5��é ��¤� n − k �1�ª M′ ¡� M �{fª"
eÀ��´ i1, . . . , ik 1§j1, . . . , jk �§dPdf

ª M = A

(
i1 . . . ik
j1 . . . jk

)
§Ù�ê{fª Â

(
i1 . . . ik
j1 . . . jk

)
½Â

� (−1)i1+⋅⋅⋅+ik+j1+⋅⋅⋅+jk M′
"

½n (Laplace ½n)

� A ´�� n × n-Ý
§Ké?¿� 1 ≤ i1 < ⋅ ⋅ ⋅ < ik ≤ n§k

∣A∣ = ∑
1≤j1<⋅⋅⋅<jk≤n

A

(
i1 . . . ik
j1 . . . jk

)
Â

(
i1 . . . ik
j1 . . . jk

)

∣A∣ = ∑
1≤j1<⋅⋅⋅<jk≤n

A

(
j1 . . . jk
i1 . . . ik

)
Â

(
j1 . . . jk
i1 . . . ik

)
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1�ª

�5�§|A^�:>´O�

�5�§|A^�:>´O�

Kirchhoff >6½Æµ >´¥6\�:�>6�lT:6Ñ�>6��

êÚ�""

Kirchhoff >Ø½Æµ 3>´¥�?�£´¥§>Øü��êÚ�""

�k>´§Xmã

B

A

50 V

30 V 3 ΩI3 11 ΩI2

7 Ω

I1

�â Kirchhoff ½Æ§�Ñ�§Xe:

I1 − I2 − I3 = 0 A ½ B :>6
7I1 + 3I3 − 30 = 0 �>£´

11I2 − 3I3 − 50 = 0 m>£´
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1�ª

�5�§|A^�:>´O�

�5�§|A^�:>´O�

⎧
⎨
⎩

I1 − I2 − I3 = 0

7I1 + 3I3 − 30 = 0

11I2 − 3I3 − 50 = 0

�§|�Xê1�ª�

∣∣∣∣∣∣

1 −1 −1

7 0 3

0 11 −3

∣∣∣∣∣∣
= −131§~ê��

⎛
⎝

0

30

50

⎞
⎠§

d Cramer {Kµ

I1 =

∣∣∣∣∣∣

0 −1 −1

30 0 3

50 11 −3

∣∣∣∣∣∣
−131

=
570

131
(A); I2 =

∣∣∣∣∣∣

1 0 −1

7 30 3

0 50 −3

∣∣∣∣∣∣
−131

=
590

131
(A);

I3 =

∣∣∣∣∣∣

1 −1 0

7 0 30

0 11 50

∣∣∣∣∣∣
−131

= −
20

131
(A)
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�5�§|A^�µ²LOy�+n

�5�§|A^�µ²LOy�+n
Leontief S�.²L�.

�k��g�gv�²LN§dnÜ��¤µM - Åì�E¶A - ÷ 
)�¶9 S - ÑÖÜ�"XeL§Ù
¥z�L«d�¤éAÜ���¬½ÑÖ^uÙ§Ü��z©'"

M - Åì�E A - ÷ )� S - ÑÖ
M - Åì�E .60 .50 .30
A - ÷ )� .30 .40 .20
S - ÑÖ .10 .10 .50

�
�yù�²LN��±YuÐ§TXÛ���Ü�½dº
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1�ª

�5�§|A^�µ²LOy�+n

�5�§|A^�µ²LOy�+n
Leontief S�.²L�.

M - Åì�E A - ÷ )� S - ÑÖ
M - Åì�E .60 .50 .30
A - ÷ )� .30 .40 .20
S - ÑÖ .10 .10 .50

z�L«d�¤éAÜ���¬½ÑÖ^uÙ§Ü��z©'
��Ü��co��£þòÜ¤À1ü §X�^z� RMB �ü
 ¤©O� p1§p2§p3"

Leontief �Ñµéz�Ü�§�Ñ=�Ñ"���§|

.60p1 + .50p2 + .30p3 = p1

.30p1 + .40p2 + .20p3 = p2

.10p1 + .10p2 + .50p3 = p3
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1�ª

�5�§|A^�µ²LOy�+n

�5�§|A^�µ²LOy�+n
Leontief S�.²L�.

��§p1 = 3. 111 1p3, p2 = 1. 888 9p3"=XJòÑÖÜ��c���
½� 1,000,000�{§Åì�EÜ��c��ÒA½� 3,111,100§
÷ )��c��ÒA½� 1,888,900"
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1�ª

�5�§|A^�µ²LOy�+n

�5�§|A^�µ²LOy�+n
Leontief 	�.²L�.

éu��²LN5`§e��Ü���¬£ÑÖ¤Ø
øT²LNg
^	§�k�{§KT²LN��òù�Ü���¬£ÑÖ¤�	Ü
ÑÑ"3T	��.¥§d�´�½�"�LXeµÙ
¥z�L«�A�Ü�z)���ü ��¬¤IÙ§Ü���¬þ"

M - Åì�E A - ÷ )� S - ÑÖ
M - Åì�E .50 .40 .20
A - ÷ )� .20 .30 .10
S - ÑÖ .10 .10 .30

y�	ÜòT²LN¾	 50 ü ��EÅ�§30 ü �÷ §
9 20 ü �ÑÖ"¯T²LNTXÛ|�)�º
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�5�§|A^�µ²LOy�+n

�5�§|A^�µ²LOy�+n
Leontief 	�.²L�.

M - Åì�E A - ÷ )� S - ÑÖ
M - Åì�E .50 .40 .20
A - ÷ )� .20 .30 .10
S - ÑÖ .10 .10 .30

z�L«�A�Ü�z)���ü ��¬¤IÙ§Ü���¬þ"
Leontief 5Kµ

{)��oþ x} = {)�¥�Ñþ}+ {�ªI¦ d}

⎧
⎨
⎩

x1 = 0.5x1 + 0.4x2 + 0.2x3 + 50.0

x2 = 0.2x1 + 0.3x2 + 0.1x3 + 30.0

x3 = 0.1x1 + 0.1x2 + 0.3x3 + 20.0

)�� x1 = 226§x2 = 119§x3 = 78"

Leontief 5Kµ x = Cx + d
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1�ª

�5�§|A^�µ²LOy�+n

�5�§|A^�µ²LOy�+n
Leontief 	�.²L�.

þ¡ü��.´MÃ�Ç Wassily Leontief 3 1949 ccïá�"
��¦ò{I�²Ly©¤
 500 �Ü�§ÚOÑ 500 × 500 =
250, 000 �Xê§du���¯�O�Å Mark II ØU�?ù�E,�
O�?Ö§Leontief qò�{z¤k 42 ���ê� 42 ��§�¤�
�§|"^
A���?§§Ú 56 ����O�§Leontief ��
�
ª���(J"
ù´{¤þ1��A^O�Å©Û�5�êÆ�.�¤õ�~"
Ï�ù�¤Ò§Leontief 3 1973 c�Ç� Nobel ²LÆø"
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