
½½½ÂÂÂ1. � K ´��ê�§/�

anx
n + an−1x

n−1 + · · · a1x + a0

� � � L � ª ¡ � K þ � � � õ � ª § Ù

¥an, an−1, . . . , a1, a0 ∈ K. � an 6= 0 � n ¡�

ù�õ�ª�gê" anx
n ¡�Tõ�ª�Ä

�§an ¡�Ä�Xê" x ¡�Ø½�£½C

þ¤"a0 ¡�~ê�" 0 ´��AÏ�õ�

ª§5½Ùgê�u −∞.

ê� K þ± x �Ø½��õ�ª�N¤�¤
�8ÜP� K[x].

õ�ª�±{P� f (x), g(x), α(x) �"
� f (x) ∈ K[x]. K f (x) �gêP� deg(f (x))

½ deg(f ).



õ�ª�m�±UÏ~��ª½Â\~{Ú
¦{Ú¦�"§�÷v��Æ!(ÜÆ!©�

Æ�"
� f (x), g(x) ∈ K[x], K f (g(x)) �UÏ~�{

KO�"
• deg(fg) = deg(f ) + deg(g).

• � c ∈ K, c 6= 0, f(x) ∈ K[x], Kdeg(cf (x)) =

deg(f ).

• deg(f ± g) ≤ max(deg(f ), deg(g)).

•XJ f (x), g(x) ∈ K[x] ÷v f (x) 6= 0, f(x)g(x) =

0 K g(x) = 0.

y²µdeg(f )+deg(g) = deg(0) = −∞� deg(g) =

−∞ 2

• XJ f (x), g(x), h(x) ∈ K[x] ÷v f (x) 6=
0, f(x)g(x) = f (x)h(x), K g(x) = h(x).

y²µf (x)[g(x)− h(x)] = 0. 2



�{Ø{

½½½nnn1. � K ´��ê�,f (x), g(x) ∈ K[x]. X

J g(x) 6= 0 K�3����éõ�ª q(x), r(x)

÷v
1) f (x) = g(x)q(x) + r(x);

2) deg(r) < deg(g).

q(x) ¡�û, r(x) ¡�{ª.

y²µ�35µé f (x) �gê?18B=

�"
��5µ|^gê"
2



~~~1. � f (x) = 2x4 − 5x + 1, g(x) = x2 − x + 2,

¦ g(x) Ø f (x) �ûÚ{ª"

¦)��{��{Ø{½�Ø{£long divi-

sion¤"



��µ
p.187: 1,2,6,7



õ�ª��Ø5

½½½ÂÂÂ2. � f (x), g(x) ∈ K[x]. XJ f (x) 6= 0 ��

3 h(x) ∈ K[x] ¦ g(x) = f (x)h(x), K¡ f (x) �

Ø g(x) P� f (x)|g(x) ½f |g.

�
Ä�¯¢:

1) ?Û���"~ê�Ø?Û��õ�ª;

2) ?Û���"õ�ª�Ø 0;

3) 0 ØU�Ø?Ûõ�ª;

4) e g(x)|f (x), g(x)|h(x), Ké?Ûõ�ª a(x), b(x)

Ñkg(x)|a(x)f (x) + b(x)h(x).

5) e g(x)|f (x) � f (x) 6= 0, K deg(g) ≤ deg(f ).

6) g(x)|f (x) ⇒ g(h(x))|f (h(x)).

7) ü�~^úªµ��ª½nÚ

an − bn = (a− b)(an−1 + an−2b + · · · + bn−1).



ÚÚÚnnn2. � f (x), g(x) ∈ K[x], g(x) 6= 0. K g(x)|f (x)

��=�f (x) � g(x) Ø�{ª�u".

y: ⇒: �3 b(x) ∈ K[x] ¦ f (x) = g(x)b(x).

�f (x) = g(x)b(x) + 0. du deg(0) < deg(g), ¤

± f (x) � g(x) Ø�{ª�u".

⇐: {ª�u"¿�X f (x) = g(x)q(x), = g(x)|f (x).

2

ÚÚÚnnn3. � f (x), g(x) Ñ´�"õ�ª.e f (x)|g(x)

� g(x)|f (x), Kf (x) = c · g(x), Ù¥ c ´���
"~ê.

y: � f (x) = g(x)a(x), g(x) = f (x)b(x). K f (x) =

f (x)b(x)a(x), la(x)b(x) = 1, ¤± a(x), b(x) �

U´�"~ê. 2



õ�ª���úÏª

½½½ÂÂÂ3. � f (x), g(x), h(x) ∈ K[x]. XJ h(x)|f (x), h(x)|g(x),

K h(x) ¡� f (x) Ú g(x) ���úÏª. � d(x)

´ f (x) Ú g(x) ���úÏª¿�äkXe

5�: é f (x), g(x) �?Û��úÏª h(x) Ñ
k h(x)|d(x), K d(x) ¡� f (x) Úg(x) ���ú
Ïª, P� (f (x), g(x)) ½gcd(f (x), g(x)). (greatest

common divisor)



~~~2. ) 2x− 1 Ú x− 1
2 Ñ´ 4x2− 4x+1 � x3− x2

2

���úÏª.��r x − 1
2 ½�gcd(4x2 − 4x +

1, x3 − x2

2 ), Ï�§�Ä�Xê�u1. Ä�Xê
�1�õ�ª�Ä�õ�ª"

~~~3. gcd(0, 0) Ø�3.

~~~4. e f (x) 6= 0, K gcd(f (x), 0) = f (x).



ÚÚÚnnn4. � d1(x), d2(x) Ñ´ f (x), g(x) ���ú
Ïª,K d1(x) = c · d2(x), Ù¥ c ´��"~ê.

y: d½Â� d1(x)|d2(x), d2(x)|d1(x). 2

ÚÚÚnnn5. � f (x) = g(x)q(x) + r(x), Ù¥ g(x) 6= 0.

XJd(x) = gcd(g(x), r(x)), K d(x) = gcd(f (x), g(x)).

y²: w, d(x) ´ f (x) Ú g(x) ���úÏ

ª. � h(x) ´f (x) Ú g(x) �?¿��úÏª,

du r(x) = f (x)−g(x)q(x), �h(x) �Ø r(x). d
u d(x) = gcd(g(x), r(x)), Ïd h(x)|d(x). 2



½½½nnn6. � f (x), g(x) Ø��",K

gcd(f (x), g(x))

�3,¿��3 a(x), b(x) ¦

gcd(f (x), g(x)) = a(x)f (x) + b(x)g(x).

1�«y{: [�:] ü$gê
XJ f (x), g(x) k��´ 0, K(J¤á.±e

� f (x), g(x) ÑØ�u".

é deg(f ) + deg(g) ?18B.

� deg(f ) + deg(g) = 0 �,

gcd(f, g) = 1.

(Ø¤á.



� deg(f ) + deg(g) > 0 �,� deg(f ) ≥ deg(g).

�â�{Ø{,�3q(x), r(x) ¦ f (x) = g(x)q(x)+

r(x) � deg(r) < deg(g). dudeg(r) + deg(g) <

deg(f ) + deg(g) � g(x), r(x) Ø��", �â8
Bb� gcd(r(x), g(x)) �3,¿�k a1(x), b1(x)

¦gcd(r(x), g(x)) = a1(x)r(x) + b1(x)g(x). dþ

¡Ún��gcd(f (x), g(x)) = gcd(r(x), g(x)) =

a1(x)(f (x) − g(x)q(x)) + b1(x)g(x) = a1(x)f (x) +

(b1(x) − a1(x)q(x))g(x). -a(x) = a1(x),b(x) =

b1(x)− a1(x)q(x) =�. 2

[5] þ¡�y²´�E5�,§�Ñ
gcd �O

��{,��Î=�Ø{(Euclidean algorithm).



1�«y{:

- Γ = {a(x)f (x)+ b(x)g(x)|a(x), b(x) ∈ K[x]}.
duf (x), g(x) Ø��",38Ü Γ ¥�3���
"��. 3 Γ ��"��¥?À��gê�$�
�� d(x) = a1(x)f (x) + b1(x)g(x).

�â�{Ø{,�3 q(x), r(x) ¦

f (x) = d(x)q(x) + r(x),

÷v deg(r) < deg(d). du

r(x) = (1− a1(x)q(x))f (x)− (b1(x)q(x))g(x),

� r(x) ∈ Γ. bX r(x) 6= 0, K� deg(d) ��
$5gñ,� r(x) = 0. ùy²
 d(x)|f (x). Ó
n d(x)|g(x). ¤± d(x) ´ f (x)Ú g(x) �úÏª.

� h(x) ´ f (x), g(x) �?¿��úÏª,K

h(x)|a1(x)f (x) + b1(x)g(x),

= h(x)|d(x). 2

[5]ù«y{´��E5�.



~~~5. ¦y x+1|x2m +x2n+1 é?Û�K�ê m, n

¤á.

y²:

(x− 1)(x2m + x2n+1)

= x2m+1 − x2n+1 + x2n+2 − x2m

= x(x2m − x2n) + (x2n+2 − x2m)

� x2 − 1 �Ø,��3 h(x) ¦

(x− 1)(x2m + x2n+1) = (x2 − 1)h(x),

dd�
x2m + x2n+1 = (x + 1)h(x).

2



½½½ÂÂÂ4. � f1(x), . . . , fn(x) ∈ K[x] Ø��",h(x)

´���"õ�ª"XJéz� i Ñk h(x)|fi(x),

K h(x) ¡�f1(x), . . . , fn(x) ���úÏª. � d(x)

´f1(x), . . . , fn(x) ���úÏª¿�äkXe5
�: éf1(x), . . . , fn(x) �?Û��úÏª h(x) Ñ
k h(x)|d(x), Kd(x) ¡� f1(x), . . . , fn(x) ���

úÏª, P� (f1(x), . . . , fn(x)) ½ gcd(f1(x), . . . , fn(x)).

[5]

1) XJ n = 1, K d(x) = f1(x).

2) XJ n = 2, K#�½ÂÚ±c�½Â�

�"
3) XJ fk(x) = 0, K

gcd(f1(x), . . . , fn(x))

= gcd(f1(x), . . . , fk−1(x), fk+1(x), . . . , fn(x)).



ÚÚÚnnn7. � f1(x), . . . , fn(x) ∈ K[x] �Ø�""b

½ n > 2. � 1 ≤ r < n. P

d1(x) = gcd(f1(x), . . . , fr(x)),

d2(x) = gcd(fr+1(x), . . . , fn(x)),

d(x) = gcd(d1(x), d2(x)).

K d(x) ´ f1(x), . . . , fn(x) ���úÏª"

y²µd d(x)|d1(x), d(x)|d2(x) �� d(x) �Ø
z� fi(x).

b½ h(x) �Øz� fi(x), K h(x) �Ø f1(x), . . . , fr(x)

¥?Û��§Ï h(x)|d1(x). Ón h(x)|d2(x). ¤

±h(x)|d(x). 2



öS

� f1(x), . . . , fn(x) Ø��"§K§����

úÏª�3�3�����"~ê�¿Âe�

�"



��µ
p.194: 1,2,3,



½½½ÂÂÂ5. e gcd(f (x), g(x)) = 1§K¡ f (x) Ú g(x)

p�"

ÚÚÚnnn8. f (x) Ú g(x) p��¿�^�´�3 u(x), v(x) ∈
K[x] ¦f (x)u(x) + g(x)v(x) = 1.

y²µ⇒: d½Âá�"
⇐: - Γ = {a(x)f (x) + b(x)g(x)|a(x), b(x) ∈

K[x]}. K 1 ∈ Γ.  1 3 Γ ��"��¥gê�

����§¤± gcd(f (x), g(x)) = 1. 2

[5] é?¿�|õ�ª f (x), g(x), u(x), v(x), d(x),

=¦f (x)u(x)+g(x)v(x) = d(x), �ØU` d(x) =

gcd(f (x), g(x)). [�SK3,p.190]



XXX9. XJ g(x) � f1(x), . . . , fn(x) ¥z�õ�ª
p�§K g(x) �f1(x) · · · fn(x) p�"

y²µéz� i Ñ�3 ui(x), vi(x) ¦

fi(x)ui(x) + g(x)vi(x) = 1.

£��
fi(x)ui(x) = 1− g(x)vi(x).

�Ü�¦�

f1(x) · · · fn(x)u1(x) · · ·un(x) = 1− g(x)b(x).

2g£��

f1(x) · · · fn(x)u1(x) · · ·un(x) + g(x)b(x) = 1.

2

[5] ÖþíØ(5.3.5) ´�íØ�AÏ�/"



XXX10. � gcd(f1(x), f2(x)) = 1 � f1(x)|g(x), f2(x)|g(x),

Kf1(x)f2(x)|g(x).

y²µ� g(x) = f1(x)s(x) = f2(x)t(x). d
u gcd(f1(x), f2(x)) = 1, �3 u(x), v(x) ¦

f1(x)u(x) + f2(x)v(x) = 1.

l
g(x) = g(x) · 1

= g(x)[f1(x)u(x) + f2(x)v(x)]

= g(x)f1(x)u(x) + g(x)f2(x)v(x)

= f2(x)t(x)f1(x)u(x) + f1(x)s(x)f2(x)v(x)

= f1(x)f2(x)[t(x)u(x) + s(x)v(x)].

2



XXX11. � gcd(f (x), g(x)) = 1 � f (x)|g(x)h(x),

K f (x)|h(x).

y²µ�3 u(x), v(x) ¦

1 = f (x)u(x) + g(x)v(x).

ü>Ó¦ h(x) �

h(x) = f (x)u(x)h(x) + g(x)h(x)v(x).

2

[öS] gCÕáy²ÖþíØ(5.3.3),(5.3.4).



~~~6. � K,K ′ ´ü�ê��÷v K ⊂ K ′. � f (x), g(x) ∈
K[x]. K f (x) 3 K[x] ¥�Ø g(x) ��=� f (x)

3K ′[x] ¥�Ø g(x).

y²µ⇒: f (x) 3 K[x] ¥�Ø g(x) ¿�X�

3 h(x) ∈ K[x] ¦ g(x) = f (x)h(x). , h(x) ∈
K ′[x]. ¤±f (x) 3 K ′[x] ¥��Ø g(x)"
⇐: 3 K[x] ¥��{Ø{�

g(x) = f (x)q(x) + r(x),

Ù¥ deg(r) < deg(f ). du q(x), r(x) �áu K ′[x],

3K ′[x] ¥ f (x) Ø g(x) �{ª�´ r(x). l r(x) =

0. ¤± f (x) 3 K[x] ¥�Ø g(x). 2



~~~7. � f (x), g(x), h(x) ∈ K[x] ��"õ�ª§ h(x)

� g(x) Ø�{ª´��"~ê c, f (x) � g(x)

Ø�{ª´ r(x), Kf (x)h(x) � g(x) Ø�{ª
´ c · r(x)"

y²µd

f (x) = g(x)q(x) + r(x)

Ú
h(x) = g(x)q1(x) + c

�

f (x)h(x) = g(x)[q(x)q1(x)g(x)+c·q(x)+r(x)q1(x)]+c·r(x).

 deg(c · r(x)) = deg(r(x)) < deg(g(x)), ¤± c ·
r(x) ´f (x)h(x) � g(x) Ø�{ª"2



½½½nnn12 ( ¥I�{½n). �
g1(x), . . . , gn(x) ´�|üüp���"õ�

ª"éu?��õ�ª

a1(x), . . . , an(x),

bX deg(ai(x)) < deg(gi(x)) é 1 ≤ i ≤ n Ñ¤
á§K�3��õ�ª f (x), ¦�éz� i, õ�

ª f (x) � gi(x) Ø�{ªTÐ´ ai(x).

y²µP hi(x) = g1(x) · · · gi−1(x)gi+1(x) · · · gn(x).

K gi(x) � hi(x) p�"u´�3 ui(x), vi(x) ¦

gi(x)ui(x) + hi(x)vi(x) = 1.

£��
hi(x)vi(x) = 1− gi(x)ui(x)

-f (x) = h1(x)v1(x)a1(x) + · · ·+ hn(x)vn(x)an(x).

éz�i, õ�ª f (x) þ��¤

f (x) = hi(x)vi(x)ai(x) + gi(x)b(x)

= ai(x) + gi(x)[b(x)− ui(x)].

ùL² f (x) � gi(x) Ø�{ªTÐ´ ai(x). 2



Ð�êØ¥�²1(J
½½½nnn13 ( �{Ø{). � m,n ´ü��ê§m 6=
0. K�3����é�ê q, r ÷v

1) n = mq + r;

2) 0 ≤ r < |m|.
ù�ê r ¡� n � m Ø�{ê"

y²µ- Γ = {ma|a ∈ Z, ma ≤ n}. w, Γ 6=
∅. du�ê8Ü Γ ± n ����þ.§�Γ ¥

k����ê§P� mq. - r = n−mq. K

n = mq + r,

¿�

0 ≤ r.

{e��y² r < |m| =�"b½ r ≥ |m|. X

J m > 0, Km(q +1) = mq +m = n− r +m ≤ n,

� m(q + 1) ∈ Γ, � mq �À�gñ"XJ m <

0, K m(q − 1) = mq − m = n − r − m ≤ n,

� m(q − 1) ∈ Γ, Ó�� mq �À�gñ"
��5�y²3�öS" 2



½½½ÂÂÂ6. � m, n ´Ø��"�ü��ê"e��

ê d ´ m,n �úÏf§¿�m, n �?Û��ú
ÏfÑ�Ø d, K¡ d � m, n ���úÏf§P

� gcd(m,n).

½½½nnn14. � m,n ´Ø��"�ü��ê§K§

����úÏf�3���, ¿��3�ê u, v

¦
gcd(m, n) = mu + nv.

½½½nnn15 ( �f½n). �g1, . . . , gr ´�|üüp
��g,ê"éu?���K�êa1, . . . , ar, b

X ai < gi é 1 ≤ i ≤ r Ñ¤á§K�3���

ê n ¦�éz� i, �ê n � gi Ø�{êTÐ
´ai.



3�f�²4
/8kÔØ�Ùê§nnê���§ÊÊê

��n§ÔÔê���§¯ÔAÛº0



��µ
p.194:4,5,6,7



õ�ª�Ïª©)

½½½ÂÂÂ7. � K ´��ê�§p(x) ∈ K[x] ÷v±e

^�µ
(1) deg(p) > 0;

(2) p(x) ØU©)¤ü�gê�u deg(p) �õ
�ª�¦È"

K p(x) ¡� K[x] ¥���Ø��õ�ª"÷

v^�(1)�Ø÷v^�(2)�õ�ª¡���õ
�ª"

[5] Ø��5�ê� K ké�'X"

~~~8. ) x2 + 1 ´ R[x] ¥�Ø��õ�ª§�Ø

´ C[x] ¥�Ø��õ�ª§Ï�3C[x] ¥x2 +

1 = (x− i)(x + i).

2) x2 − 2 ´ Q[x] ¥�Ø��õ�ª§�Ø

´ R[x] ¥�Ø��õ�ª§Ï�3R[x] ¥x2 −
2 = (x−

√
2)(x +

√
2).

3) ?Û���gõ�ª´Ø��õ�ª"
4) 5¿ 2x + 4 ´Ø��õ�ª"



� f (x) ´����õ�ª§K�3��õ�

ª g(x) ÷v
1) g(x)|f (x);

2) 0 < deg(g) < deg(f ).

ù�� g(x) �� f (x) ���ýÏª"

ÚÚÚnnn16. � f (x), g(x) ∈ K[x] � f (x) Ø��"
XJ f (x) Ø�Øg(x), K gcd(f (x), g(x)) = 1.

y²µP d(x) = gcd(f (x), g(x)). K�3 h(x)

¦ f (x) = d(x)h(x). du f (x) Ø��§deg(d) =

0 ½ deg(h) = 0. bX deg(h) = 0, Kh(x) ´�
�"~ê c. d� d(x) = f (x)/c.  d(x)|g(x),

�f (x)|g(x), �)gñ"Ïd deg(d) = 0. 2

½½½nnn17. � p(x) ´��Ø��õ�ª§p(x)|f (x)g(x).

K p(x)|f (x) ½p(x)|g(x).

y²µXJ p(x) Ø�Ø f (x), dþ¡Ún
� p(x) � f (x) p�§l p(x)|g(x). 2

XXX18. � p(x) ´��Ø��õ�ª§

p(x)|f1(x) · · · fn(x).

K p(x) �Ø,� fi(x).

y²µ^êÆ8B{"



½½½nnn19 ( Ïª©)Ä�½n). � f (x) ´ê� K

þ���gê�u 0 �õ�ª"K
f (x) = cp1(x) · · · pn(x),

Ù¥ c ´���"~ê§p1(x), . . . , pn(x) ´Ä�

Ø��õ�ª"±þ�ª¡� f (x) �Ø��©
)ª"

ùp� c ÚýÏª� {p1(x), . . . , pn(x)} 3�

���gS�¿Âed f (x) ��(½�"
y²µ(1) �35µ
é deg(f ) ?18B"� deg(f ) = 1 �§ò f (x)

�¤ cf1(x), Ù¥ c ´ f (x) �Ä�Xê"á�(
Ø¤á"

b½(Øé deg(f ) < n � f (x) þ¤á"y5
y²� deg(f ) = n �(Ø�¤á"

XJ f (x) ®²´Ø��õ�ª§Ky.§Ä
K f (x) = f1(x)f2(x), Ù¥ f1(x), f2) Ñ´gê�
u deg(f ) ��"õ�ª§d8Bb�

f1(x) = cp1(x) · · · pr(x). (1)

f2(x) = c′pr+1(x) · · · pn(x), (2)

Ù¥ c, c′ ´���"~ê§ p1(x), . . . , pn(x)

´Ä�Ø��õ�ª"ò(2) Ú(1) �\f (x) =

f1(x)f2(x) =�¤I"



��5µ
é f (x) �Ïª�ê n ?18B"� n = 1 �

(Ø¤á"
� n > 1, bX

f (x) = c′q1(x) . . . qm(x)

´,��Ø��©)ª"
du pi(x), qj(x) Ñ´Ä�õ�ª§c Ú c′ Ñ�

u f (x) �Ä�Xê§� c = c′.

du p1(x)|f (x), �âþ¡Ún p1(x) �Ø,
� qj(x), Ø��p1(x)|q1(x). �´ q1(x) �´Ø�
��§� p1(x) = q1(x). Ïd

p2(x) · · · pn(x) = q2(x) · · · qm(x).

|^8Bb��� m = n �S� {p2(x), . . . , pn(x)}
Ú {q2(x), . . . , qm(x)} �����gS" 2



�
f (x) = cp1(x) · · · pn(x)

´ f (x) �Ø��©)ª"Ù¥�Ø��ÏªØ

�½üüØÓ"r�Ó�Ïª¦3�åÒ�ò

þªU��

f (x) = cp1(x)e1 · · · pr(x)er, (3)

Ù¥ p1(x), . . . , pr(x) ´üüØÓ�Ä�Ø��
õ�ª§rù��©)ª¡� f (x) �IOØ�
�©)ª"

�ê ei ¡�Ïª pi(x) 3 f (x) ¥�ê"
ê�u 1 �Ïª¡�Ïª"~X3f (x) =

(x − 1)2(x2 + x + 1)3 ¥ x − 1 ´�� 2 Ï

ª§ x2 + x + 1 ´�� 3 Ïª"
d©)ª(3) �íÑe¡úª

deg(f ) =

r∑
i=1

ei deg(pi).



XJ A ´��d,
Ä�Ø��õ�ª

q1(x), . . . , qN(x)

|¤�8Ü§¿�éz� 1 ≤ i ≤ r, Ñk pi(x) ∈
A. Kf (x) ���¤

f (x) = cq1(x)k1 . . . qN(x)kN ,

#N,
 ki �u 0.

AO§éu�|õ�ª f1(x), . . . , fm(x), ��

8ÜA = {p1(x), . . . , pN(x)} � f1(x), . . . , fm(x)

�¤kÄ�Ø��Ïª�N"ù�z� fi(x) �
��/L«�

fi(x) = cip1(x)ei1 · · · pN(x)eiN ,

Ù¥ eij Ñ´�K�ê§ ci ´�"~ê"=

¦deg(fi) = 0. ù«L«�´k��§ù�¤k
� eij ��u""ù��L«�{3?Ø��Ø
5k'�¯K�´k^�"



~~~9. �

f1(x) = 2(x− 1)2(x2 + 1)3,

f2(x) = −(x− 1)3(x + 1)4(x2 + 1),

f3(x) = 4(x− 1)2(x− 2)5(x2 + 1)2.

§��U��

f1(x) = 2(x− 1)2(x + 1)0(x− 2)0(x2 + 1)3,

f2(x) = −(x− 1)3(x + 1)4(x− 2)0(x2 + 1),

f3(x) = 4(x− 1)2(x + 1)0(x− 2)5(x2 + 1)2.

dd¦�

gcd(f1, f2, f3) = (x− 1)2(x2 + 1).



��µ
p.198: 1,2,3,4



e¡ü^·K´²w�"

···KKK20. � p1(x), . . . , pN(x) ´�|üüØÓ�
Ä�Ø��õ�ª§

f (x) = cp1(x)e1 . . . pN(x)eN ,

g(x) = c′p1(x)k1 . . . pN(x)kN ,

Ù¥ c, c′ ´�"~ê§K g(x)|f (x) ��=� ki ≤
ei é i = 1, . . . , N Ñ¤á"

···KKK21. � p1(x), . . . , pN(x) ´�|üüØÓ�
Ä�Ø��õ�ª"�"õ�ª f1(x), . . . , fm(x)

©)�

f1(x) = c1p1(x)e11 · · · pN(x)e1N ,

f2(x) = c2p1(x)e21 · · · pN(x)e2N ,

· · · · · ·
fm(x) = cmp1(x)em1 · · · pN(x)emN ,

Ù¥ eij Ñ´�K�ê§ci ´�"~ê"K

gcd(f1(x), . . . , fm(x)) =

N∏
i=1

pi(x)minm
j=1{eji}.



½½½ÂÂÂ8. � f1(x), . . . , fn(x), h(x) ∈ K[x] ´�|�
"õ�ª"XJéz� i Ñk fi(x)|h(x), K h(x)

¡�f1(x), . . . , fn(x) ���ú�ª. �Ä�õ�

ª m(x) ´ f1(x), . . . , fn(x) ���ú�ª¿�ä
kXe5�: éf1(x), . . . , fn(x) �?Û��ú�

ª h(x) Ñk m(x)|h(x), Km(x) ¡� f1(x), . . . , fn(x)

���ú�ª, P� [f1(x), . . . , fn(x)] ½ lcm(f1(x), . . . , fn(x)).

···KKK22. � p1(x), . . . , pN(x) ´�|üüØÓ�
Ä�Ø��õ�ª"�"õ�ª f1(x), . . . , fm(x)

©)�

f1(x) = c1p1(x)e11 · · · pN(x)e1N ,

f2(x) = c2p1(x)e21 · · · pN(x)e2N ,

· · · · · ·
fm(x) = cmp1(x)em1 · · · pN(x)emN ,

Ù¥ eij Ñ´�K�ê§ci ´�"~ê"K

lcm(f1(x), . . . , fm(x)) =

N∏
i=1

pi(x)maxm
j=1{eji}.



···KKK23. � f (x), g(x) ´ê� K þ��"�Ä�

õ�ª§K

gcd(f (x), g(x)) · lcm(f (x), g(x)) = f (x)g(x).

y²µdÏª©)Ä�½n f (x), g(x) �©O

L«�

f (x) = p1(x)e1 · · · pN(x)eN ,

g(x) = p1(x)k1 · · · , pN(x)kN .

u´

gcd(f (x), g(x))·lcm(f (x), g(x)) =

N∏
i=1

pi(x)min{ei,ki}+max{ei,ki}.

�´min{a, b} + max{a, b} = a + b é?Û�

ê a, b ¤á§Ïd

gcd(f (x), g(x)) · lcm(f (x), g(x)) =

N∏
i=1

pi(x)ei+ki.

2



õ�ª�Ïª

� f (x) = cp1(x)e1 · · · pr(x)er ´��gê�u 1

�õ�ª f (x) �IOØ��©)ª"- g(x) =

cp2(x)e2 · · · pr(x)er. K f (x) = p1(x)e1g(x) � p1(x)

� g(x) p�"
�â¦�{K

f ′(x) = e1p1(x)e1−1p′1(x)g(x) + p1(x)e1g′(x).

= p1(x)e1−1[e1p
′
1(x)g(x) + p1(x)g′(x)].

du 0 ≤ deg(p′1(x)) < deg(p1(x)), Ø��õ�

ªp1(x) ØU�Ø p′1(x). Ïd p1(x) ØU�Ø e1p
′
1(x)g(x)+

p1(x)g′(x). ùL² p1(x) 3f ′(x) ¥�ê´ e1 −
1.

é¤k i = 1, . . . , r kÓ�(J"ù�ÒíÑ
Xeúª

gcd(f (x), f ′(x)) =

r∏
i=1

pi(x)ei−1.

AO§e¡(Ø¤á

···KKK24. �"õ�ª f (x) ÃÏª��=� gcd(f (x), f ′(x)) =

1.



Ü©©ª©)

What ?

·�3¥ÆpÆL©ª�oK$�§~X

1

2(x− 1)
+

1

2(x + 1)
=

x

x2 − 1
. (4)

y3·��Ä§��¯Kµ
®�(4) ª�m>§¦�>"
)ûù��¯K�L§��Ü©©ª©)"



Where ?

�o¼ê��ê´

x

x2 − 1
?

�eØN´wÑ5"
�
Ü©©ª©)�Ò�

x

x2 − 1
=

1

2(x− 1)
+

1

2(x + 1)
.

·���

(ln(x− 1))′ =
1

x− 1
, (ln(x + 1))′ =

1

x + 1
.

u´

(
ln(x− 1) + ln(x + 1)

2
)′ =

1

2(x− 1)
+

1

2(x + 1)
.

�Ñ
¯K�)�"



Why ?

þ¡�~fé{ü§UØUí2º3£�ù
�¯Kc·�kÆSÜ©©ª©)�nØÄ
:"
ÚÚÚnnn25. � f (x), g1(x), g2(x) Ñ´ê� K þ��
"õ�ª"e g1(x) Úg2(x) p�§K�3õ�

ª a(x), b(x) ¦
f (x)

g1(x)g2(x)
=

a(x)

g1(x)
+

b(x)

g2(x)
.

y²µdu g1(x) Ú g2(x) p�§�3 u(x), v(x)

¦g1(x)u(x) + g2(x)v(x) = 1. u´

f (x)

g1(x)g2(x)
=

f (x)[g1(x)u(x) + g2(x)v(x)]

g1(x)g2(x)

f (x)v(x)

g1(x)
+

f (x)u(x)

g2(x)
.

2

ÚÚÚnnn26. � f (x), g(x) ∈ K[x], Ù¥ deg(g) > 0.

� m ´��g,ê"K�3©)ª
f (x)

g(x)m
= h(x) +

h1(x)

g(x)
+

h2(x)

g(x)2
+ · · · + hm(x)

g(x)m
,

Ù¥ h(x) ´õ�ª§h1(x), . . . , hm(x) �gê
Ñ�u deg(g).



y²µé deg(f ) ?18B"
� deg(f ) < deg(g) �� h(x) = h1(x) = · · · =

hm−1(x) = 0, hm(x) = f (x) =�"
é?¿ f (x), �â�{Ø{��n§�3 q(x), r(x)

¦
f (x) = g(x)q(x) + hm(x), (5)

÷v deg(hm) < deg(g).

d deg(g) > 0 íÑ deg(q) < deg(f ). �â8B
b�q(x)/g(x)m−1 �L«�

q(x)

g(x)m−1
= h(x) +

h1(x)

g(x)
+

h2(x)

g(x)2
+ · · · + hm−1(x)

g(x)m−1
,

(6)

Ù¥ h(x) ´õ�ª§ h1(x), . . . , hm−1(x) �g

êÑ�udeg(g).

ò(5) Ú(6) �\

f (x)

g(x)m

=�" 2



½½½nnn27 ( Ü©©ª©)½n). � f (x), g(x) ´ü
��"õ�ª§deg(g) > 0. � g(x) �IOØ�
�©)ª´

g(x) = cp1(x)e1 · · · pn(x)en.

K
f (x)

g(x)
= h(x) +

n∑
i=1

ei∑
j=1

hij(x)

pi(x)j
,

÷v deg(hij(x)) < deg(pi(x)).

XJ deg(f ) < deg(g), K h(x) = 0.

y²µE|^Ún25�
f (x)

g(x)
=

b1(x)

p1(x)e1
+ · · · + bn(x)

pn(x)en
.

2émª¥z��A^Ún26=�"
XJ h(x) 6= 0, ò©)ªm>Ï©�\���

�©ª¥©f�gêò�u�u©1�gê§
ùy²
����Øä"2



How ?

�½Xê{
Þ~`²µ¦

x5 − x + 1

(x− 1)2(x2 + 1)

�Ü©©ª©)"
ÄkÏL�{Ø{�

x5 − x + 1

(x− 1)2(x2 + 1)
= x + 2 +

2x3 − 2x2 + 2x− 1

(x− 1)2(x2 + 1)
.

�â½n§Ak©)ª

2x3 − 2x2 + 2x− 1

(x− 1)2(x2 + 1)
=

A

x− 1
+

B

(x− 1)2
+

Cx + D

x2 + 1
.

òþªm>Ï©��\���>'���~
ê A, B, C,D 7L÷v

A + C = 2,

B − A + D − 2C = −2,

C − 2D + A = 2,

B − A + D = −1.

��)ù��5�§|Ò1
"



��µ
p.198:5,6



õ�ª¼ê

½½½ÂÂÂ9. � K ´��ê�§

f (x) = anx
n + an−1x

n−1 + · · · + a1x + a0 ∈ K[x],

b ∈ K. K

f (b) = anb
n + an−1b

n−1 + · · · + a1b + a0 ∈ K

¡�õ�ª f (x) 3 b :��"e f (b) = 0, K
¡ b � f (x) ���":"

½½½nnn28 ( {ª½n). � f (x) ∈ K[x], b ∈ K.

K x− b Ø f (x) �{ª´ f (b).

y²µd�{Ø{§�3 q(x), r(x) ¦

f (x) = (x− b)q(x) + r(x), (7)

Ù¥ deg(r) < deg(x− 1) = 1. � r(x) ´�~ê c.

ò(7)¥� x ^ b ��§K� f (b) = c. 2

XXX29. ~ê b ´ f (x) �":��=� (x−b)|f (x).



XXX30. ���"õ�ª�":�oêØ�LTõ
�ª�gê"

y²µ��"õ�ª f (x) �gê� n. b

X f (x) �":�ê�Ln. ?� f (x) � n+1 �ü
üØÓ�": b1, . . . , bn+1. K(x− bi)|f (x) é i =

1, . . . , n + 1 ¤á§� (x− b1) · · · (x− bn+1)|f (x),

ùØ�U§Ï� (x − b1) · · · (x − bn+1) �gê�

u f (x) �gê"2

XXX31. � f (x), g(x) ´ê� K þ�ü�gêØ�
L n ��"õ�ª"XJk n + 1 �pØ�Ó
�ê b1, . . . , bn+1 ∈ K ¦f (bi) = g(bi) éz� i ¤
á§K f (x) = g(x).

y²µ- h(x) = f (x) − g(x). bX h(x) 6=
0, K h(x) ´��äkn + 1 �": b1, . . . , bn+1

�õ�ª§/¤gñ"�h(x) = 0§= f (x) =

g(x). 2



½½½ÂÂÂ10. � (x−b)d|f (x) � (x−b)d+1 Ø�Ø f (x).

K¡ b � f (x) ��� d ":"

½½½nnn32. � f (x) ´���"õ�ª§n = deg(f ).

� b1, . . . , br �f (x) ��N":§Ùê�g

� d1, . . . , dr. K

d1 + . . . + dr ≤ n.

y²µdÏª©)Ä�½n§

f (x) = (x− b1)
d1 · · · (x− br)

drg(x).

Ù¥ g(x) ´,��"õ�ª"u´

d1 + . . .+dr ≤ d1 + . . .+dr +deg(g) = deg(f ) = n.

2



½½½nnn33 ( Lagrange ��½n). � a1, . . . , an ´ê
� K ¥ n �pØ�Ó�ê§b1, . . . , bn ´ K ¥?

¿ n �ê§K�3�����gêØ�Ln − 1

�õ�ª f (x) ¦ f (ai) = bi éz� i ¤á"

y²µ�¯K�du¦y�3�|~ê

cn−1, cn−2, . . . , c1, c0

÷ve¡ n �^�µ

cn−1a
n−1
1 + cn−2a

n−2
1 + · · · + c1a1 + c0 = b1,

cn−1a
n−1
2 + cn−2a

n−2
2 + · · · + c1a2 + c0 = b2,

· · · · · ·
cn−1a

n−1
n + cn−2a

n−2
n + · · · + c1an + c0 = bn.

ù´'uCþ cn−1, cn−2, . . . , c1, c0 ��5�§
|§ÙXêÝ
�1�ª´Vandermonde 1�

ª§Ù�Ø�u"£��oº¤"ÏdT�§
|k���)"2



EXêõ�ª

½½½nnn34 ( �êÄ�½n). ?Û��gê�u 0

�õ�ª3Eê�pÑk��":"

k�«y²§�{ü�y²3EC¼êØ¥

�Ñ"

XXX35. � p(x) ´ C[x] ¥�õ�ª§K p(x) Ø�
���=�deg(p) = 1.

y²µ⇒: dØ��õ�ª�½Â§deg(p) ≥
1. bXdeg(p) = n > 1. d�êÄ�½n§�

3 a ∈ C ¦ p(a) = 0. = p(x) = (x − a)h(x).

 deg(h) = deg(p) − 1 < deg(p) �deg(x − a) =

1 < deg(p). ù� p(x) �Ø��5gñ"
⇐: ·�®²��¤k��gõ�ªÑ´Ø�

��"2



XXX36. � f (x) ∈ C[x], deg(f ) > 0. K f (x) �IO
Ø��©)ª´

f (x) = c(x− a1)
e1 · · · (x− ar)

er.

�ª
deg(f ) = e1 + · · · + er

¤á"

":ÚXê�'XµVieta½n"
¦�úªµgê�u4�õ�ªvk¦�ú

ª"



��µ
p.201:1,4,5

p.206:2,5



¢Xêõ�ª

� α = a+ bi ∈ C. Eê a− bi ¡� α ��Ý§
P� α.

N´�ye¡Ã�ª

α + β = α + β,

α− β = α− β,

αβ = αβ,

αn = αn.

α = α ��=� α ∈ R.

AO§α + α Ú αα ´¢ê"

ÚÚÚnnn37. � f (x) ∈ R[x], α ∈ C. XJf (α) = 0,

K f (α) = 0,

y²µ�

f (x) = anx
n + an−1x

n−1 + · · · + a1x + a0.

K

anα
n + an−1α

n−1 + · · · + a1α + a0 = 0.

��Ý�

anαn + an−1αn−1 + · · · + a1α + a0 = 0.



an · αn + an−1 · αn−1 + · · · + a1 · α + a0 = 0.

anα
n + an−1α

n−1 + · · · + a1α + a0 = 0.

ù¿�Xf (α) = 0. 2



XXX38. �"õ�ª f (x) ∈ R[x] 3Eê�¥�I

OØ��©)ª��¤

f (x) = c(x− a1)
e1 . . . (x− ar)

er

(x− α1)
k1(x− α1)

k1 · · · (x− αs)
ks(x− αs)

ks,

Ù¥a1, . . . , ar ∈ R, α1, . . . , αs /∈ R.

y²µ^êÆ8B{é deg(f ) ?18B"
� deg(f ) = 1 �(Øw,¤á"

� n = deg(f ) > 1 ¿�(Øé?Ûgê�u n

�õ�ª¤á"d�êÄ�½n§�3 b ∈ C
¦ f (b) = 0.

XJ b ∈ R, K f (x) = (x− b)g(x), Ù¥ g(x) ∈
R[x]. du deg(g) < n, |^8Bb� g(x) �I

O©)ª÷v^�§òù�©)ª�\ f (x) =

(x− b)g(x) =�(Øéf (x) ¤á"
XJ b /∈ R, K f (b) = 0 � b 6= b, � x−b Ú x−b

p�§l(x − b)(x − b) 3 C[x] ¥�Ø f (x).

-d(x) = (x−b)(x−b). Kd(x) = x2−(b+b)x+bb ∈
R[x]. u´d(x) 3 R[x] ¥��Ø f (x). = f (x) =

d(x)g(x), g(x) ∈ R[x]. du deg(g) < deg(f ), Úþ

¡�/���í�¤I(Ø" 2

±þ(J�o(¤µ/¢Xêõ�ª�J�
¤éÑy0"



XXX39. ´ p(x) ´ R[x] ¥�Ø��õ�ª§K 1 ≤
deg(p) ≤ 2.

y²µ�â�êÄ�½n�3 α ∈ C ¦p(α) =

0. XJ α ∈ R, K x − α ∈ R[x] � (x − α)|p(x).

Ïdeg(p) = deg(x− α) = 1.

XJ α 6∈ R, K α 6= α. du p(α) = 0, õ
�ª(x − α)(x − α)|p(x). ,(x − α)(x − α) =

x2 − (α + α) + αα ∈ R[x]. ¤±deg(p) = deg((x−
α)(x− α)) = 2. 2

XXX40. ?Û��¢Xêõ�ª�©)¤eZ�g

êØ�L 2 �õ�ª�¦È"



···KKK41. ?Û��Ûêg�¢Xêõ�ª f (x)

k¢ê":"

y{�µòù�õ�ªw¤EXêõ�ª�
IOØ��©)§duJ�¤éÑy§��k
�� x− a Ïª§Ù¥ a ∈ R.

y{�µduTõ�ª�©)¤eZ�gê
Ø�L 2 �¢Xêõ�ª�¦È§�´¤k�
Ø��Ïª�´�g�§Kõ�ª�ogê´
óê§/¤gñ§���k���g�Ïª"

y{nµ
dugê´Ûê§limx→+∞ f (x) Ú limx→−∞ f (x)

¥���u +∞§,���u−∞"Ïd�3¢
ê N ¦ f (N) Ú f (−N) ¥����,���

K"du f (x) ´¢ê¶þ�ëY¼ê§�3¢
êa ¦ f (a) = 0. 2



knXêõ�ª

½½½nnn42. � f (x) = anx
n+an−1x

n−1+· · ·+a1x+a0,

Ù¥an, an−1, . . . , a1, a0 ∈ Z. b½ an 6= 0, a0 6= 0.

� p, q ´ü�p���"�ê"XJ f (q/p) = 0,

Kp|an, q|a0.

y²µd^� f (q/p) = 0 �

an(
q

p
)n + an−1(

q

p
)n−1 + · · · + a1(

q

p
) + a0 = 0.

ü>Ó¦ pn �

anq
n + an−1pq

n−1 + · · ·+ a1p
n−1q + a0p

n = 0. (8)

Ïd

p(an−1q
n−1 + · · · + a1p

n−2q + a0p
n−1) = −anq

n,

¤± p|an.

(8)�íÑ

q(anq
n−1 + an−1pq

n−2 + · · · + a1p
n−1) = −a0p

n,

¤± q|a0. 2



~µéÑ�§

x3 +
5

4
x− 21

4
= 0

�¤kkn�"
)µ��§�du�Xê�§

4x3 + 5x− 21 = 0.

� q/p ´��kn�§Ù¥p, qp�"K p|4, q|21.

u´ q/p �U��´µ

±1,±3,±7,±21,

±1

2
,±3

2
,±7

2
,±21

2
,

±1

4
,±3

4
,±7

4
,±21

4
.

Å��\����§�k��kn� 3/2.



½½½ÂÂÂ11. � f (x) = anx
n+an−1x

n−1+ · · ·+a1x+a0

´���"õ�ª§Ù¥ an, an−1, . . . , a1, a0 ∈
Z. XJ gcd(an, an−1, . . . , a1, a0) = 1, K¡ f (x) �

����õ�ª(primitive polynomial).

½½½nnn43 ( Gauss Ún). ü���õ�ª�¦ÈE

,´��õ�ª"

y²µ�

f (x) = anx
n + an−1x

n−1 + · · · + a1x + a0,

g(x) = bmxm + bm−1x
m−1 + · · · + b1x + b0.

Ñ´��õ�ª"ò f (x)g(x) Ðm¤

f (x)g(x) = cn+mxn+m+cn+m−1x
n+m−1+· · ·+c1x+c0.

K
ck =

∑
i+j=k

aibj.

bX f (x)g(x) Ø´��õ�ª§K�3�ê p

�Øz� ci. �ar ´ f (x) ¥l�>êå1��
Ø� p �Ø�Xê"� bs ´g(x) ¥l�>êå

1��Ø� p �Ø�Xê"K

cr+s = arbs +
∑
i>0

ar−ibs+i +
∑
i>0

ar+ibs−i,

§Ø� p �Ø§gñ"2



ÚÚÚnnn44. � f (x), g(x) Ñ´��õ�ª§�Ä�

XêÑ´�ê"bXf (x) = cg(x), Ù¥ c ´��
knê§K c = 1.

y²µò c L� c = a/b§Ù¥ a, b �p��
ü��ê§b > 0. duf (x), g(x) �Ä�XêÑ
´�ê§a ��½´�ê"u´k�ª

bf (x) = ag(x). (9)

� f (x) Ú g(x) �1 i g�Xê©O� ci Ú di,

'�(9) ªü>1 i g��Xê�

bci = adi.

bX b 6= 1, du b � a p�§þ¡�ªíÑ b

�Ø di, l b �Ø g(x) �z�Xê§ù� g(x)

´��õ�ª�gñ"¤± b = 1. Ón�y a =

1. 2



½½½nnn45. e����õ�ª3 Q[x] ¥��§K
§�©)¤ü�gê�$��Xêõ�ª�¦
È"

y²µ� f (x) ´����õ�ª§¿� f (x) =

g(x)h(x), Ù¥g(x), h(x) ∈ Q[x] ÷vdeg(g) <

deg(f ), deg(h) < deg(f ). K�3knê r, s ¦rg(x), sh(x)

�Ä�Xê�����õ�ª"
Ø���5�� f (x) �Ä�Xê�u 0. �

âGauss Ún§�ª

rsf(x) = [rg(x)][sh(x)]

�m>´����õ�ª§2dþ¡Ún�
� rs = 1. 2

XXX46. e���"��Xêõ�ª f (x) 3 Q[x]

¥��§K§�©)¤ü�gê�$��Xê
õ�ª�¦È"

y²µ� d ´ f (x) �¤kXê���úÏ

f§K f (x) = dg(x), õ�ª g(x) ´��õ�

ª"du f (x) 3 Q[x] ¥��, g(x) 3 Q[x] ¥�

��"dþã½n�� g(x) �©)¤ü�gê
�$��Xêõ�ª�¦È,Ïd f (x) ��©)
¤ü�gê�$��Xêõ�ª�¦È"2



Eisenstein ���OOO{{{

� f (x) = anx
n + an−1x

n−1 + · · · + a1x + a0 ´
���Xêõ�ª§an 6= 0, n ≥ 1. � p ´��
�ê"b½p 6 |an, p|ai(i = 0, . . . , n − 1), p2 6 |a0.

K f (x) 3 Q[x] ¥Ø��"
y²µ£�y{¤b½ f (x) 3 Q[x] ¥��§

dþãíØ

f (x) = (bmxm+bm−1x
m−1+· · ·+b0)(ckx

k+ck−1x
k−1+· · ·+c0),

(10)

bi, cj ∈ Z, bm 6= 0, ck 6= 0, m > 0, k > 0.

du p 6 |an = bmck, � p 6 |bm, p 6 |ck. dua0 =

b0c0,  p|a0, p
2 6 |a0, ¤± p �U�Ø b0, c0 ¥��

�"Ø�� p|b0, p 6 |c0. � p|b0, . . . , p|bj−1, p 6 |bj.

K
aj =

∑
i+k=j

bick = bjc0 +
∑

i+k=j,i<j

bick.

dd� p 6 |aj, gñ"2



~~~10. xn − 5 3 Q[x] ¥Ø��"

~~~11. � p ´���ê§K

f (x) = xp−1 + xp−2 + · · · + x + 1

3 Q[x] ¥Ø��"

y²µ��y² f (x + 1) Ø��=�"du

f (x) =
xp − 1

x− 1
,

¤±

f (x + 1) =
(x + 1)p − 1

x

=
xp + C1

px
p−1 + · · · + Cp−1

p x

x

= xp−1 + C1
px

p−2 + · · · + Cp−1
p

= xp−1 + C1
px

p−2 + · · · + p.

 p|C i
p é¤k i = 1, . . . , p−1 ¤á"�âEisenstein

�O{ f (x + 1) Ø��"2



��

p.211:

4(1)(2),5,8,9



õCþõ�ª

� K ´��ê�§x1, x2, . . . , xn ´�|�½
�§L�ª cxe1

1 xe2
2 · · ·xen

n ¡���ü�ª§Ù

¥c ´ K ¥���"�§e1, . . . , en ´�K�

ê"
~Xµ−2x3

1x
4
2 ´ x1, x2 ���ü�ª"

3x2
1x

0
2x

4
3 ��P� 3x2

1x
4
3.

éu�½�Ø½� x1, x2, . . . , xn k�õ�ü

�ª�Ú9 0 ¡�(ù|Ø½��)õ�ª§§�
�N¤�¤�8ÜP�K[x1, . . . , xn].

K[x1, . . . , xn] ¥�����L«¤

f (x1, . . . , xn) =
∑

ae1,...,enx
e1
1 . . . xen

n ,

Ù¥ ae1,...,en ∈ K, ¦ÚÒ��¹k��"
õ�ª�\~¦{UÏ~�{K?1"
ü�ª cxe1

1 xe2
2 · · ·xen

n �gê5½� e1+· · ·+en.

�"õ�ª�gê½Â��¤§�ü�ª�g

ê����"õ�ª 0 �gê5½� −∞. õ�

ª f (x1, . . . , xn) �gêP� deg(f ).

�ª
deg(fg) = deg(f ) + deg(g)

é?Û f (x1, . . . , xn), g(x1, . . . , xn) ∈ K[x1, . . . , xn]

¤á"



üCþõ�ª��¤ü�½,��/ª§�
éuõCþõ�ª%vkùoÐ�IO/ª"
yÞ~0�n«~^�L��ªµ

�kõ�ª

f (x1, x2, x3) = x2 − 2x1x
2
2x3 + x2

1x3 − x1.

1) i;ªü�:

U~£

f (x1, x2, x3) = −x1 + x2
1x3 − 2x1x

2
2x3 + x2.

�´3õ�ª¥Ï~ü¤

f (x1, x2, x3) = x2
1x3 − 2x1x

2
2x3 − x1 + x2.

{KXeµ� xe1
1 · · ·xen

n Ú xd1
1 . . . xdn

n ´ü�ü

�ª§XJ e1 = d1, . . . , ej−1 = dj−1, ej > dj,

K xe1
1 · · ·xen

n ku xd1
1 . . . xdn

n "
2) gê`k�i;ªü�µ

f (x1, x2, x3) = −2x1x
2
2x3 + x2

1x3 − x1 + x2.

3) U,�Cþü��/ªµ

f (x1, x2, x3) = (x2
1 − 2x1x

2
2)x3 + (x2 − x1).

���«L«�ª3êÆ8B{¥�©k
�"



···KKK47. � f (x1, . . . , xn), g(x1, . . . , xn) ∈ K[x1, . . . , xn], f 6=
0, g 6= 0. K fg 6= 0.

y²µé n ?18B"� n = 1 �´üCþ
õ�ª§(J¤á"

�·Ké n−1 ¤á"ò f (x1, . . . , xn), g(x1, . . . , xn)

�¤UCþ xn ü��/ªµ

f (x1, . . . , xn) = am(x1, . . . , xn−1)x
m
n +· · ·+a0(x1, . . . , xn−1),

g(x1, . . . , xn) = bk(x1, . . . , xn−1)x
k
n+· · ·+b0(x1, . . . , xn−1),

Ù¥ am(x1, . . . , xn−1), bk(x1, . . . , xn−1) ´K[x1, . . . , xn−1]

¥��"��"d8B{b�

am(x1, . . . , xn−1)bk(x1, . . . , xn−1) 6= 0.

Ïd

f (x1, . . . , xn)g(x1, . . . , xn) =

am(x1, . . . , xn−1)bk(x1, . . . , xn−1)x
m+k
n + · · · 6= 0.

2



···KKK48. � f (x1, . . . , xn) ´���"õ�ª§K
�3 a1, . . . , an ∈ K ¦ f (a1, . . . , an) 6= 0.

y²µé n 8B"� n = 1 �§f (x1) �kk
�õ�":§�(Ø¤á"

�·Ké n− 1 ¤á"ò f (x1, . . . , xn) �¤U

Cþ xn ü��/ªµ

f (x1, . . . , xn) = am(x1, . . . , xn−1)x
m
n +· · ·+a0(x1, . . . , xn−1),

Ù¥ am(x1, . . . , xn−1) ´K[x1, . . . , xn−1] ¥��
"��"d8B{b��3b1, . . . , bn−1 ∈ K

¦ am(b1, . . . , bn−1) 6= 0. u´

f (b1, . . . , bn−1, xn)

= am(b1, . . . , bn−1)x
m
n + . . . , a0(b1, . . . , bn−1)

´üCþ xn ��"õ�ª"Ïd�3 bn ∈ K

¦f (b1, . . . , bn) 6= 0. 2



···KKK49. � f (x1, . . . , xn) ´��Ø�u~ê�õ
�ª§K�3c1, . . . , cn ∈ C ¦ f (c1, . . . , cn) = 0.

y²: duU¤�^� f (x1, . . . , xn) Ø´~
ê§��k��CþÑy§Ø�� xn Ñy"
òf (x1, . . . , xn) �¤UCþ xn ü��/ªµ

f (x1, . . . , xn) = am(x1, . . . , xn−1)x
m
n +· · ·+a0(x1, . . . , xn−1),

Ù¥ am(x1, . . . , xn−1) ´K[x1, . . . , xn−1] ¥��
"��,m > 0"

�âfâ�·K§�3 c1, . . . , cn−1 ∈ K ¦

am(c1, . . . , cn−1) 6= 0.

ù� f (c1, . . . , cn−1, xn) Ò¤���gê�u"

�'uCþxn �õ�ª"�â�êÄ�½n�

3Eê cn ¦f (c1, . . . , cn) = 0. 2



� f (x1, . . . , xn), g(x1, . . . , xn) ∈ K[x1, . . . , xn]

�g(x1, . . . , xn) 6= 0. e�3 q(x1, . . . , xn) ∈ K[x1, . . . , xn]

¦

f (x1, . . . , xn) = g(x1, . . . , xn)q(x1, . . . , xn),

K¡ g �Ø f, P� g|f. �¡ g ´ f ���Ï

ª"
��gê�u 0 �õ�ª����Ø��õ

�ª§e§ØU©)¤ü�gê�$�õ�ª
�¦È"

éu K[x1, . . . , xn] �k��Ïª©)½n§
ò3Ä��ê�§¥y²"



õCþõ�ª��vk�{Ø{§,�é
'�{ü��/�´�±��{Ø{�"

···KKK50. � f (x1, . . . , xn) ∈ K[x1, . . . , xn], g(x1, . . . , xn) =

xn−h(x1, . . . , xn−1), Ù¥h(x1, . . . , xn−1) ∈ K[x1, . . . , xn−1].

K�3���q(x1, . . . , xn) ∈ K[x1, . . . , xn] Ú r(x1, . . . , xn−1) ∈
K[x1, . . . , xn−1] ¦

f (x1, . . . , xn) = g(x1, . . . , xn)q(x1, . . . , xn)+r(x1, . . . , xn−1).

y µ £ � 3 5 ¤ X J f (x1, . . . , xn) = 0 K
� q = r = 0 =�§ÄKòf (x1, . . . , xn) �¤
UCþ xn ü��/ªµ

f (x1, . . . , xn) = am(x1, . . . , xn−1)x
m
n +· · ·+a0(x1, . . . , xn−1),

Ù¥ am(x1, . . . , xn−1) ´K[x1, . . . , xn−1] ¥��
"��"é m ?18B"

� m = 0 �� q(x1, . . . , xn) = 0, r(x1, . . . , xn−1) =

a0(x1, . . . , xn−1) =�"
� m > 0 "-

s(x1, . . . , xn)

= f (x1, . . . , xn)−am(x1, . . . , xn−1)x
m−1
n (xn−h(x1, . . . , xn−1)).

Ks(x1, . . . , xn) 'u xn �gê�u m"d8B
b�§�3q1(x1, . . . , xn) Ú r1(x1, . . . , xn−1) ¦

s(x1, . . . , xn) = g(x1, . . . , xn)q1(x1, . . . , xn)+r1(x1, . . . , xn−1).



l
f (x1, . . . , xn)

= g(x1, . . . , xn)(q1(x1, . . . , xn)+am(x1, . . . , xn−1)x
m−1
n ))

+r1(x1, . . . , xn−1).

£��5¤�

g(x1, . . . , xn)q(x1, . . . , xn) + r(x1, . . . , xn−1)

= g(x1, . . . , xn)q1(x1, . . . , xn) + r1(x1, . . . , xn−1).

K
g(q − q1) = r1 − r.

XJ q − q1 6= 0. K g(q − q1) ´��¹k xn �
�"õ�ª§�r1 − r ∈ K[x1, . . . , xn−1], �)g
ñ"¤± q − q1 = r1 − r = 0. 2



XXX51. � f (x1, . . . , xn) ∈ K[x1, . . . , xn], h(x1, . . . , xn−1) ∈
K[x1, . . . , xn−1]. Kf (x1, . . . , xn−1, h(x1, . . . , xn−1)) =

0 ��=�xn−h(x1, . . . , xn−1) ´ f (x1, . . . , xn) �
Ïª"

y²µ⇐: �f (x1, . . . , xn) = (xn−h(x1, . . . , xn−1))q(x1, . . . , xn).

òh(x1, . . . , xn−1) O� xn =�¤¦"
⇒:�â·K�3 q(x1, . . . , xn) ∈ K[x1, . . . , xn]

Ú r(x1, . . . , xn−1) ∈ K[x1, . . . , xn−1] ¦

f (x1, . . . , xn) = (xn−h(x1, . . . , xn−1))q(x1, . . . , xn)+r(x1, . . . , xn−1).

ò h(x1, . . . , xn−1) O� xn =�

r(x1, . . . , xn−1) = 0.

2



~~~12. � f (x1, . . . , xn) ∈ K[x1, . . . , xn], �(xj −
xi)|f (x1, . . . , xn) é?Û 1 ≤ i < j ≤ n ¤á"K∏

1≤i<j≤n

(xj − xi)|f (x1, . . . , xn).

y²µò¤k/� xj−xi(1 ≤ i < j ≤ n) �õ
�ªü¤�üµg1, . . . , gN . I�y² g1 · · · gN |f.

�d§·�y²é?¿ 1 ≤ r ≤ N, Ñk g1 · · · gr|f.

é r ?18B"� r = 1 �®²��(Ø¤
á"� 1 < r ≤ N �g1 · · · gr−1|f. K�3õ�

ª q ¦
f = qg1 · · · gr−1. (11)

� gr = xj−xi. du (xj−xi)|f (x1, . . . , xn), �f (x1, . . . , xn)

¥ xj ^ xi O���u"",��¡§g1, . . . , gr−1

¥ xj ^ xi O��z��ÑØ�u""ò(11)ü
>� xj ÑO�¤ xi ��� q(x1, . . . , xj−1, xi, xj+1, . . . , xn) =

0. ù`² gr|q, �Ò´`§�3õ�ª q1 ¦ q =

grq1. �\(11) =� f = g1 · · · grq1. 2



§Vandermonde 1�ª
r ∣∣∣∣∣∣∣∣∣

1 1 · · · 1

x1 x2 · · · xn

· · ·
xn−1

1 xn−1
2 · · · xn−1

n

∣∣∣∣∣∣∣∣∣
w¤õ�ª§P� f (x1, . . . , xn). K

deg(f ) =
n(n− 1)

2
.

du f (x1, . . . , xj−1, xi, xj+1, . . . , xn) = 0 é?

Û 1 ≤ i < j ≤ n ¤á§Ïd (xj − xi)|f. ¤±∏
1≤i<j≤n

(xj − xi)|f.

'�gê����3 c ∈ K ¦

f = c
∏

1≤i<j≤n

(xj − xi).

f ¥¹�� x2x
2
3 · · ·xn−1

n . ù��3
∏

1≤i<j≤n(xj−
xi) ¥�Xê�´1. ¤± c = 1. Ïd

f =
∏

1≤i<j≤n

(xj − xi).



àgõ�ª
� d ´���K�ê"bXõ�ª f (x1, . . . , fn)

�z��gêÑ�u d K f (x1, . . . , xn) ¡��

� d gàgõ�ª£½ d g.¤"5½ 0 ´?

¿gàgõ�ª"

~~~13. x1 + 3x4 ´���g.£½�5.¤"
2x1 + x2 − 1 Ø´àgõ�ª"
xn

1 + xn
2 − x3x

n−1
4 ´�� n g."

Ä�5�µ
1¤ü� d g.�Ú½�´ d g."
2¤d1 g.Ú d2 g.�¦È´ d1 + d2 g."
3¤d g.�N�¤��k���þ�m§�

ê� Cd
n+d−1.

4) ?Û��õ�ª f (x1, . . . , xn) �±��/
L«¤

f (x1, . . . , xn) =
∑
d≥0

fd(x1, . . . , xn)

Ù¥ fd(x1, . . . , xn) ´ d g."
5) � f (x1, . . . , xn) ´�� d g.§Ké?

Û c ∈ K �ªf (cx1, . . . , cxn) = cdf (x1, . . . , xn)

¤á"
AO§XJ f (a1, . . . , an) = 0 K f (ca1, . . . , can) =

0 é?Ûc ∈ K ¤á"



��µ
p.215: 1,2,3



é¡õ�ª
� f (x1, . . . , xn) ∈ K[x1, . . . , xn] ÷ve¡£�

d�¤ü�^�¥���§K¡ f (x1, . . . , xn)

���é¡õ�ªµ
1¤f (x1, . . . , xi, . . . , xj, . . . , xn)

= f (x1, . . . , xj, . . . , xi, . . . , xn)

é?Û 1 ≤ i < j ≤ n ¤á¶
2¤f (x1, . . . , xn) = f (xσ(1), . . . , xσ(n)) é1, . . . , n

�?Û����Ñ¤á"

~~~14. - n = 3.

xr
1 + xr

2 + xr
3,

x1x2 + x2x3 + x1x3 − x1x2x3,

(x1 − x2)
2(x2 − x3)

2(x3 − x1)
2

Ñ´é¡õ�ª"

x1 + x2 − x3,

(x1 − x2)(x2 − x3)(x3 − x1)

ÑØ´é¡õ�ª"



Ä�5�µ
1¤é¡õ�ª�Ú!�!ÈE´é¡õ�

ª¶
2¤� f1(x1, . . . , xn), . . . , fk(x1, . . . , xn) Ñ´é

¡õ�ª§ g(y1, . . . , yk) ∈ K[y1, . . . , yk]. K

g(f1(x1, . . . , xn), . . . , fk(x1, . . . , xn))

E,´é¡õ�ª"

~~~15. (x1−x2)
2(x2−x3)

2(x3−x1)
2−(x1+x2+x3)

4

´é¡õ�ª"



Ð�é¡õ�ªµ

σ1 = x1 + · · · + xn =

n∑
i=1

xi,

σ2 =
∑

1≤i≤jn

xixj,

· · ·
σn = x1 · · ·xn.

~~~16.

(x− x1)(x− x2) · · · (x− xn)

= xn − σ1x
n−1 + σ2x

n−2 + · · · + (−1)nσn.



½½½nnn52. � f (x1, . . . , xn) ∈ K[x1, . . . , xn] ´�

�é¡õ�ª§K�3��� g(y1, . . . , yn) ∈
K[y1, . . . , yn] ¦f (x1, . . . , xn) = g(σ1, . . . , σn).

~~~17. � n = 3,

f (x1, x2, x3) = x2
1x2+x2

2x3+x2
3x1+x2

2x1+x2
3x2+x2

1x3.

du

σ1σ2 = (x1 + x2 + x3)(x1x2 + x2x3 + x3x1)

= x2
1x2+x2

2x3+x2
3x1+x2

2x1+x2
3x2+x2

1x3+3x1x2x3,

¤±

f − σ1σ2 = −3x1x2x3 = −3σ3.

Ïd

f = σ1σ2 − 3σ3.

�Ò´` g(y1, y2, y3) = y1y2 − 3y3 ÷v½n��

¦"



½n�y²µ
(�35)

� f (x1, . . . , xn) Ui;ªü��Ä�´ axe1
1 · · ·xen

n .

K e1 ≥ e2 ≥ · · · ≥ en.

- g1(y1, . . . , yn) = aye1−e2
1 · · · yen−1−en

n−1 yen
n . K g1(σ1, . . . , σn)

�Ä�´

axe1−e2
1 (x1x2)

e2−e3 · · · (x1 . . . xn−1)
en−1−en(x1 · · ·xn)en

= axe1
1 · · ·xen

n .

-f1(x1, . . . , xn) = f (x1, . . . , xn) − g1(σ1, . . . , σn).

K f (x1, . . . , xn) �Ä�ku f1(x1, . . . , xn) �Ä
�§¿�deg(f ) ≥ deg(f1).

E±þL§§�S�

f1 = f − g1(σ1, . . . , σn),

f2 = f1 − g2(σ1, . . . , σn),

· · ·
÷v^�µ

1) fi �Ä�ku fi+1 �Ä�¶
2) deg(fi) ≥ deg(fi+1).

ù��S�ØU´Ã��"Ïd�3 r, ¦fr =

fr−1 − gr(σ1, . . . , σn) = 0. ¤±

f = g1(σ1, . . . , σn) + · · · + gr(σ1, . . . , σn).



(��5)

b½ g(y1, . . . , yn), h(y1, . . . , yn) ∈ K[y1, . . . , yn]

´ü�ØÓ�õ�ª÷v

g(σ1, . . . , σn) = h(σ1, . . . , σn). (12)

- u(y1, . . . , yn) = g(y1, . . . , yn) − h(y1, . . . , yn).

Ku(y1, . . . , yn) 6= 0.

� aye1
1 · · · yen

n ´ u(y1, . . . , yn) �?¿���"

�"K aσe1
1 · · ·σen

n Ðm±�Ui;ªü��Ä
�´

axe1+···+en
1 xe2+···+en

2 · · ·xen
n .

¤kù
Ä�´pØ�Ó�§¤± u(σ1, . . . , σn) 6=
0, �^�(12) gñ" 2



àgé¡õ�ª�{B�{
� cxe1

1 · · ·xen
n ´��ü�ª§�ê�(e1, . . . , en)

��Tü�ª��ê|"e1 + · · · + en ��T�

ê|�gê"3 e1, . . . , en ���ü�¥�½k
�|´4ü�"¤±��é¡õ�ª f �Ä�

��ê|÷v^�

e1 ≥ e2 ≥ · · · ≥ en.

é σd1
1 . . . , σdn

n ¦ÙÐmª�Ä��ê|´(e1, . . . , en).

Kk,�~ê c ¦ f1 = f − cσd1
1 . . . , σdn

n �Ä�

�u f �Ä�§XJ f ´àgõ�ª§K f1 �

´àgõ�ª"UìIO�{§I�é� f1 �
Ä�§. . . ù¬V��'�æ��O�"�±Ï
L�½Xê{5;��"



~~~18.

f (x1, x2, x3) = x2
1x2+x2

2x3+x2
3x1+x2

2x1+x2
3x2+x2

1x3.

Ä��ê|´ (2, 1, 0). �u§� 3 g4~�ê
|�k (1, 1, 1). Ïd

f = aσ1σ2 + bσ3, (13)

Ù¥ a, b ´�½Xê"
©O^ x1 = 1, x2 = 1, x3 = 0 Ú x1 = 1, x2 =

1, x3 = 1 �\(13)ü>�

2 = 2a,

6 = 9a + b.

)� a = 1, b = −3.



~~~19. � f (x1, x2, x3) = (x1 − x2)
2(x2 − x3)

2(x3 −
x1)

2.

§�Ä�´ x4
1x

2
2, Ù�ê|´ (4, 2, 0). �u§

� 6 g4~�ê|�N�

(4, 1, 1), (3, 3, 0), (3, 2, 1), (2, 2, 2).

u´

f (x1, x2, x3) = σ2
1σ

2
2 +aσ3

1σ3 + bσ3
2 + cσ1σ2σ3 +dσ2

3.

0 = f (1, 1, 0) = 4 + b,

0 = f (1, 1, 1) = 81 + 27b + 27b + 9c + d,

0 = f (2,−1,−1) = −27b + 4d,

0 = f (2, 2,−1) = −108a + 16d.

)� a = −4, b = −4, c = 18, d = −27.



P sk = xk
1 + · · · + xk

n. ù´é¡õ�ª"

sk−1σ1 = (xk−1
1 + · · · + xk−1

n )(x1 + · · · + xn)

= xk
1 + · · · + xk

n +
∑
i 6=j

xk−1
i xj.

sk−2σ2 = (xk−2
1 + · · · + xk−2

n )(x1x2 + · · · + xn−1xn)

=
∑
i 6=j

xk−1
i xj +

∑
xk−2

i xjxl.

þª�1��Úª¥ i, j, l �H¤k÷v j <

l, i 6= j, i 6= l ��I"XJ k > 3 Kù�L�ª
¢Sþ´�¹ü�ª xk−2

1 x2x3 ����é¡õ
�ª"

é?Û r > 1, t > 1,^PÒ S(xr
1x2 . . . xt) 5L

«�¹ xr
1x2 . . . xt ����é¡õ�ª"

3ù�PÒeþ¡ü��ª��¤

sk−1σ1 = sk + S(xk−1
1 x2),

sk−2σ2 = S(xk−1
1 x2) + S(xk−2

1 x2x3).



~~~20 (Newton úª). e k ≤ n, K

sk−sk−1σ1+sk−2σ2+· · ·+(−1)k−1s1σk−1+(−1)kkσk = 0;

e k > n, K

sk − sk−1σ1 + sk−2σ2 + · · · + (−1)nsk−nσn = 0.

y²µk� k ≤ n. �â

sk−1σ1 = sk + S(xk−1
1 x2),

sk−2σ2 = S(xk−1
1 x2) + S(xk−2

1 x2x3),

· · ·
s2σk−2 = S(x3

1x2 · · ·xk−2) + S(x2
1x2 · · ·xk−1),

s1σk−1 = S(x2
1x2 · · ·xk−1) + kσk.

r±þ�ª���\=�1���ª"
2� k > n. ò

sk−1σ1 = sk + S(xk−1
1 x2),

sk−2σ2 = S(xk−1
1 x2) + S(xk−2

1 x2x3),

· · ·
sk−n+1σn−1 = S(xk−n+2

1 x2 · · ·xn−1)+S(xk−n+1
1 x2 · · ·xn),

sk−nσn = S(xk−n+1
1 x2 · · ·xn)

���\=�1���ª" 2



~~~21 (p.224.2). � f (x) = x3 + px2 + qx + r. ¦Ñ
�§ f (x) = 0 �,���²��u,	ü��
�¦È�¿�^�"

)µ� x1, x2, x3 ´ f (x) = 0 n��§K,�
��²��u,	ü���¦È�¿�^�´

(x2
1 − x2x3)(x

2
2 − x1x3)(x

2
3 − x1x2) = 0.

ò g(x1, x2, x3) = (x2
1−x2x3)(x

2
2−x1x3)(x

2
3−x1x2)

ÏLÐ�é¡õ�ªLÑµ
g(x1, x2, x3) �Ä��ê|´ (4, 1, 1). ü3§�

¡��ê|kµ(3, 3, 0), (3, 2, 1), (2, 2, 2). ¤±

g(x1, x2, x3) = σ3
1σ3 + aσ3

2 + bσ1σ2σ3 + cσ2
3,

Ù¥ a, b, c ´�½Xê"

−1 = g(1, 1, 0) = a,

27 = g(1, 1,−2) = −27a− 8c,

0 = g(1, 1, 1) = 27 + 27a + 9b + c.

)� a = −1, b = 0, c = 0. �Ò´`(x2
1−x2x3)(x

2
2−

x1x3)(x
2
3 − x1x2) = σ3

1σ3 − σ3
2 = p3r − q3.

�µ¤¦¿�^�´ p3r − q3 = 0. 2



��µp.220

1(1),2,3,4,6



(ª��Oª
�

f (x) = a0x
n + a1x

n−1 + · · · + an,

g(x) = b0x
m + b1x

m−1 + · · · + bm

´ü��gê�üCþõ�ª§Ù¥ a0 6= 0, b0 6=
0.

�Ä m + n �Ý


A =



a0 a1 · · · an

a0 a1 · · · an
. . . . . .

a0 a1 · · · an

b0 b1 · · · bm

b0 b1 · · · bm
. . . . . .

b0 b1 · · · bm


.

~X� n = 2, m = 3 �

A =


a0 a1 a2

a0 a1 a2

a0 a1 a2

b0 b1 b2 b3

b0 b1 b2 b3

 .



ÚÚÚnnn53. � f (x), g(x) ´ü��"õ�ª§K gcd(f, g)

�gê�u"��=��3 u(x), v(x) ÷v
1¤f (x)u(x) = g(x)v(x);

2) 0 ≤ deg(u) < deg(g), 0 ≤ deg(v) < deg(f ).

y²µ⇒: � d(x) = gcd(f, g). �u(x) = g(x)/d(x), v(x) =

f (x)/d(x) =�"
⇐: XJ gcd(f, g) �gê�u"§K f, g p

�§u´d^�1¤� f (x)|v(x). Ïd deg(f ) ≤
deg(v), �^�2¤gñ"2



£�m©�¯K"b½ f, g Øp�§K�3
�"�

u(x) = c0x
m−1 + c1x

m−2 + · · · + cm−1,

v(x) = d0x
n−1 + d1x

n−2 + · · · + dn−1

¦ f (x)u(x)− g(x)v(x) = 0.

u´

(c0, . . . , cm−1,−d0, . . . ,−dn−1)A


xm+n−1

...

x

1



= (c0, . . . , cm−1,−d0, . . . ,−dn−1)



xm−1f (x)

xm−2f (x)
...

f (x)

xn−1g(x)

xn−2g(x)
...

g(x)


= f (x)u(x)− g(x)v(x) = 0.

ùL²

(c0, . . . , cm−1, d0, . . . , dn−1)A = (0, . . . , 0).

Ïd |A| = 0.



�L5§� |A| = 0. K�3�"1�þ

(c0, . . . , cm−1,−d0, . . . ,−dn−1)

÷v

(c0, . . . , cm−1,−d0, . . . ,−dn−1)A = (0, . . . , 0).

duÝ
 A �c m 1�5Ã'§� n 1��5
Ã'§¤±c0, . . . , cm−1 Ø��"§d0, . . . , dn−1

�Ø��""
-

u(x) = c0x
m−1 + c1x

m−2 + · · · + cm−1,

v(x) = d0x
n−1 + d1x

n−2 + · · · + dn−1.

K
f (x)u(x)− g(x)v(x)

= (c0, . . . , cm−1,−d0, . . . ,−dn−1)



xm−1f (x)

xm−2f (x)
...

f (x)

xn−1g(x)

xn−2g(x)
...

g(x)





= (c0, . . . , cm−1,−d0, . . . ,−dn−1)A


xm+n−1

...

x

1

 = 0.

dÚn�� f (x), g(x) Øp�"



½½½ÂÂÂ12. 1�ª |A| ¡�õ�ª f (x) Ú g(x) �
(ª(resultant), P� R(f, g).

8B�e§·�y²


½½½nnn54. õ�ª f (x) Ú g(x) p���=� R(f, g) 6=
0.

½½½nnn55. õ�ª f (x) Ú g(x) kú�E���=
� R(f, g) = 0.



½½½nnn56. � x1, . . . , xn, y1, . . . , ym ∈ K, a, b ´ K

¥�"ê§

f (x) = a(x− x1) · · · (x− xn),

g(x) = b(x− y1) · · · (x− ym).

K
R(f, g) = ambn

∏
1≤i≤n,1≤j≤m

(xi − yj)

= am
∏

1≤i≤n

g(xi)

= (−1)mnbn
∏

1≤j≤m

f (yj).

y²µØ�� a = b = 1. K

f (x) = xn + a1x
n−1 + · · · + an,

g(x) = xm + b1x
m−1 + · · · + bm,

Ù¥

a1 = −(x1 + · · · + xn),

· · ·
an = (−1)nx1 · · ·xn,

b1 = −(y1 + · · · + ym),

· · ·



bm = (−1)my1 · · · ym.

¤±er x1, . . . , xn, y1, . . . , ym w¤Cþ§K R(f, g) ∈
K[x1, . . . , xn, y1, . . . , ym].

ò f (x) ¥� xi ^ yj O�� f (x) Ú g(x) Ø

p�§dþ¡�½n��d� R(f, g) = 0. ¤

± (xi − yj)|R(f, g) é?Û 1 ≤ i ≤ n, 1 ≤ j ≤ m

¤á"Ïd ∏
1≤i≤n,1≤j≤m

(xi − yj)|R(f, g).

'�gê�

R(f, g) = c
∏

1≤i≤n,1≤j≤m

(xi − yj), (14)

Ù¥ c ´���"~ê"
ò x1 = · · · = xn = 0 �\(14) ª�

bn
m =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1

1
. . .

1

1 b1 · · · bm

1 b1 · · · bm
. . .

1 b1 · · · bm

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣



= c
∏

1≤j≤m

(−yj)
n = c[(−1)my1 · · · ym]n = cbn

m.

Ïd c = 1.

Ù§ü��ª�y²'�²w"2



½½½ÂÂÂ13. � f (x) = a0x
n + a1x

n−1 + · · · + an, Ù

¥ n > 1, a0 6= 0. K

∆(f ) = (−1)
n(n−1)

2 a−1
0 R(f, f ′)

¡� f ��Oª(discriminant).

½½½nnn57. � f (x) = a0(x− x1) · · · (x− xn). K

∆(f ) = a2n−2
0

∏
1≤i<j≤n

(xi − xj)
2

= (−1)
n(n−1)

2 a2n−2
0

∏
i 6=j

(xi − xj)

y²µdþ¡½n�

R(f, f ′) = an−1
0

n∏
i=1

f ′(xi).

 f ′(x) = a0

∑n
i=1(x−x1) · · · (x−xi−1)(x−xi+1) · · · (x−

xn). Ïd

f ′(xi) = a0(xi−x1) · · · (xi−xi−1)(xi−xi+1) · · · (xi−xn),

dd��
n∏

i=1

f ′(xi) = an
0

∏
i 6=j

(xi − xj),



=

R(f, f ′) = a2n−1
0

∏
i 6=j

(xi − xj).

�\ ∆(f ) �½Âª=�¤I" 2

~~~22. n = 2.

∏
1≤i<j≤2

(xi− xj)
2 = (x1− x2)

2 = (x1 + x2)
2− 4x1x2

= (
a1

a0
)2 − 4a2

a0
.

¤±

∆(f ) = a2
1 − 4a0a2. (15)

����O�

R(f, f ′) =

∣∣∣∣∣∣
a0 a1 a2

2a0 a1 0

0 2a0 a1

∣∣∣∣∣∣
= −a0a

2
1 + 4a2

0a2.

�\½Âª�(15) ª"



~~~23 (p.233-20). ¦ëê�

x =
2(t + 1)

t2 + 1
, y =

t2

2t− 1

����I�§"

)µN�
f : R\{1

2
} → R2

t 7→ (
2(t + 1)

t2 + 1
,

t2

2t− 1
)

�� C Ò´¤�9��"
ky²µ²¡þ�: (x, y) 3� C þ��

=��3,�¢ê t ¦

2(t + 1)− (t2 + 1)x = 0, t2 − (2t− 1)y = 0 (16)

Ó�¤á"
⇐: l(16)¥1���§�� t 6= 1/2. u´

x =
2(t + 1)

t2 + 1
, y =

t2

2t− 1
.

ùL² (x, y) ∈ C.

⇒: � (x, y) ∈ C. K�3 t ∈ R\{1/2} ¦

x =
2(t + 1)

t2 + 1
, y =

t2

2t− 1
.

Ïd(16) ¤á"



ò(16) ¥ü��§��>w¤'uCþ t �õ
�ªf (t), g(t)§Kfâ¤y�(JL« (x, y) ∈
C ��=� f (t) Úg(t) kú�":"�Ò´
` (x, y) ∈ C ��=�

R(f, g) = 0.

þª�´¤¦��§"
�µ¤¦�§´

5x2y2 − 2x2y + 4− 4x + x2 − 12xy2 + 12y.



~~~24. � C ´�m¥ü�¡

x3 + y3 − z2x− 4 = 0

Ú
xyz − x2 + y3 − z2 + 3 = 0

��"¦ C 3 x, y ²¡�ÝK��§"

)µx, y ²¡þ�: (x, y) 3 C �ÝKþ�
�=��3 z ¦ü��§Ó�¤á"rùü
��§��>w�Cþ z �õ�ªf (z), g(z)"
K (x, y) 3 C �ÝKþ��=�

R(f, g) = 0.

þªÒ´¤¦�§"



��µ
p.226:

1(1),2,3,5,6,7



õ�ªSKÀ

~~~25 (p.188,6). � g(x) = ax2 + bx + c, � abc 6=
0, f (x) = x3 + px2 + qx + r. eg(x)|f (x), K

ap− b

a
=

aq − c

b
=

ar

c
.

y²µdu g(x)|f (x), �3 d ∈ K ¦

f (x) = (
x

a
+

d

a
)g(x).

òþªü>Ó¦ a �Ðm�

ax3+apx2+aqx+ar = ax3+(b+ad)x2+(c+bd)x+cd.

'�ü>Xê�

d =
ap− b

a
=

aq − c

b
=

ar

c
.

2



~~~26. � f (x) ´ê� K þ� n gõ�ª§n ≥
1, a ∈ K. ¦y

f (x) = f (a)+f ′(a)
(x− a)

1!
+f ′′(a)

(x− a)2

2!
+· · ·+f (n)(a)

(x− a)n

n!
.

y²µò f (y + a) Ðm¤��'uCþ y �
õ�ª

f (y + a) = b0 + b1y + b2y
2 + · · · + bny

n. (17)

2ò y = x− a �\þª=�

f (x) = b0 +b1(x−a)+b2(x−a)2 + · · ·+bn(x−a)n.

(18)

·�5û½Xê b0, b1, . . . , bn.

é?¿ 0 ≤ j ≤ n, é(18)ü>¦ j ��ê�

f (j)(x) = (j!)bj + (x− a)h(x).

ò x = a �\þª=�

bj =
f (j)(a)

j!
.

2



~~~27 (p.201,2). ¦y a ´�"õ�ª f (x) � k 

":�¿�^�´f (a) = f ′(a) = · · · = f (k−1)(a) =

0, f (k)(a) 6= 0.

y²µdþK�

f (x) = f (a)+f ′(a)
(x− a)

1!
+f ′′(a)

(x− a)2

2!
+· · ·+f (n)(a)

(x− a)n

n!
.

du f (x) 6= 0, êf (a), f ′(a), . . . , f (n)(a) Ø��

""�f (a) = f ′(a) = · · · = f (r−1)(a) = 0, f (r)(a) 6=
0. K

f (x) = (x− a)r[
f (r)(a)

r!
+ (x− a)h(x)].

du a Ø´ f (n)(a)
r! +(x−a)h(x) �":§(x−a)r+1 6

|f (x). Ïd a ´ f (x) � r ":" 2



~~~28 (p.206,1). ��§ x3 + px2 + qx + r = 0 �
n��¤��ê�§¦y

2p3 − 9pq + 27r = 0.

y²µ�n��� a− d, a, a + d. Kk

3a = −p, 3a2 − d2 = q, a(a2 − d2) = −r.

�\ 2p3 − 9pq + 27r O�=�"2



~~~29 (p.207,3). �õ�ª x3 + 3x2 + mx + n �n

��¤��ê�§õ�ªx3− (m− 2)x2 +(n−
3)x + 8 �n��¤�'ê�§¦ m Ú n.

y²µ� x3 + 3x2 + mx + n �n��� a −
d, a, a + d. K

3a = −3, 3a2 − d2 = m, a(a2 − d2) = −n.

�
m = 3− d2, n = 1− d2.

l
m = n + 2 (19)

� x3−(m−2)x2+(n−3)x+8 �n��� b/q, b, bq.

K
b3 = −8.

� b = −2. y3 x3 − (m− 2)x2 + (n− 3)x + 8 �
n��� −2/q,−2,−2q. ?�Úk�ª

m− 2 = −2(
1

q
+ 1 + q).

n− 3 = 4(
1

q
+ 1 + q).

�
n− 3 = −2(m− 2) (20)

)(19)Ú(20)|¤��§|�



m = 3, n = 1.

2



~~~30 (p.207,4). y²�§ x3 + px + q = 0 k�
�¿©7�^�´

4p3 + 27q2 = 0.

y²µP f (x) = x3 + px + q. Kx3 + px + q = 0

k��¿©7�^�´gcd(f (x), f ′(x)) 6= 1.

f ′(x) = 3x2 + p. �

f (x) =
1

3
xf ′(x) + (

2

3
px + q).

u´

gcd(f (x), f ′(x)) = gcd(3x2 + p,
2

3
px + q).

XJ p = 0, K

gcd(3x2 + p,
2

3
px + q) 6= 1

��=� q = 0.

±e� p 6= 0. K

gcd(3x2 + p,
2

3
px + q) 6= 1

��=� 2
3px+q �":�´ 3x2 +p �":"

2
3px + q �":´ −3q

2p, �\�§



3x2 + p = 0

�

27q2

4p2
+ p = 0,

�du^�

4p3 + 27q2 = 0.

2



~~~31 (p.207,6). � f (x) ∈ C[x], eé¤k c ∈ R
Ñkf (c) ∈ R, K f (x) ∈ R[x].

y²µ
y{1¤
¦y�·K�due�·Kµ
� f (x) ∈ C[x] � f (x) /∈ R[x]. K�3α ∈ R

¦ f (α) /∈ R.

·�5y²��·K"
�

f (x) = anx
n + an−1x

n−1 + · · · + a1x + a0.

� aj = bj + icj, (j = 0, . . . , n), Ù¥ bj, cj ∈ R.

P

g(x) = bnx
n + bn−1x

n−1 + · · · + b1x + b0.

h(x) = cnx
n + cn−1x

n−1 + · · · + c1x + c0.

K g(x), h(x) ∈ R[x], f(x) = g(x)+ih(x) � h(x) 6=
0.

du h(x) 3 R ¥�õ�kk�õ�":§�

3 α ∈ R ¦ h(α) 6= 0. u´ f (α) = g(α)+ih(α) /∈
R. 2



y{2¤
�

f (x) = anx
n + an−1x

n−1 + · · · + a1x + a0.

?� n + 1 �üüØÓ�¢ê b0, b1, . . . , bn. �

c0 = f (b0), c1 = f (b1), . . . , cn = f (bn).

�â�½^� c0, c1, . . . , cn ∈ R.

± yn, yn−1, . . . , y1, y0 �Cþ§�5�§|

bn
0yn + bn−1

0 yn−1 + · · · + b0y1 + y0 = c0,

bn
1yn + bn−1

1 yn−1 + · · · + b1y1 + y0 = c1,

· · ·
bn
nyn + bn−1

n yn−1 + · · · + bny1 + y0 = cn

k��)£��oº¤§¿�dCramer {K
ù�)´¢ê)",§an, an−1, . . . , a0 ´ù�
�§|�)"¤±an, an−1, . . . , a0 ∈ R. 2



~~~32 ( p.227-9, 1984 cþ°½êÆ¿mÁK). �

f (x) = (x− a1)(x− a2) · · · (x− an)− 1,

Ù¥ a1, a2, . . . , an ´üüpØ�Ó��ê§¦

y f (x) 3knêSØ��"

y²µ£�y{¤b½ f (x) 3knêS�
�,K�3gê�u deg(f ) �ü��Xêõ�

ª g(x), h(x) ¦

f (x) = g(x)h(x).

Ï f (x) ´Ä�õ�ª§�� g(x) Ú h(x) �´
Ä�õ�ª"Pr = deg(g), s = deg(h). K

r + s = n.

éz� ai Ñk f (ai) = −1. Ïd

g(ai)h(ai) = −1

é i = 1, . . . , n ¤á", g(ai) Ú h(ai) Ñ´
�ê§Ïdg(ai), h(ai) ¥���u1§,���
u-1"Ø��

g(a1) = · · · = g(ak) = 1,

g(ak+1) = · · · = g(an) = −1.

K k ≤ r, n − k ≤ r. � n ≤ 2r. Ón n ≤ 2s. ¤

±n = 2r = 2s, ÄK¬k 2n < 2(r + s) = 2n. Ó
ní� k = r.



du a1, . . . , ar ´ r gÄ�õ�ª g(x)−1 � r

�üüØÓ�":§�k

g(x)− 1 = (x− a1) · · · (x− ar).

 a1, . . . , ar �´ r gÄ�õ�ª h(x) + 1 � r

�üüØÓ�":, Ïd

h(x) + 1 = (x− a1) · · · (x− ar).

¤±

g(x)h(x) + 1 = (x− a1)
2 · · · (x− ar)

2.

ddíÑ

(x− a1) · · · (x− an) = (x− a1)
2 · · · (x− ar)

2.

ùØ�U" 2



ES
�§ xn − 1 = 0 k n �E�

cos(
2kπ

n
) + isin(

2kπ

n
),

k = 0, 1, . . . , n− 1.

P ω = cos(2π
n ) + isin(2π

n ), @où n ���±

�¤ 1, ω, ω2, . . . , ωn−1.

3 C[x] ¥k©)ª

xn − 1 = (x− 1)(x− ω)(x− ω2) · · · (x− ωn−1)

Ú

xn−1+xn−2+· · ·+x+1 = (x−ω)(x−ω2) · · · (x−ωn−1).

�§ xn + 1 = 0 k n �E�

cos(
(2k + 1)π

n
) + isin(

(2k + 1)π

n
),

k = 0, 1, . . . , n− 1.

� n = 2m ´óê�ù n �����¤

cos(±(2k + 1)π

n
) + isin(±(2k + 1)π

n
),

k = 0, 1, . . . , (m− 1).



cos(
(2k + 1)π

n
) + isin(

(2k + 1)π

n
)



Ú

cos(−(2k + 1)π

n
) + isin(−(2k + 1)π

n
)

´p��Ý�"



~~~33 ( p.201,1(2)). ¦y

x4 + x3 + x2 + x + 1|x5 + x11 + x17 + x23 + x29.

y{1¤
�{Ø{"
y{2¤

(x− 1)(x5 + x11 + x17 + x23 + x29)

= x6+x12+x18+x24+x30−x5−x11−x17−x23−x29

= (x30−x5)+(x6−x11)+(x12−x17)+(x18−x23)+(x24−x29)

= x5(x25−1)−x6(x5−1)−x12(x5−1)−x18(x5−1)−x24(x5−1).

Ïd

(x− 1)(x5 + x11 + x17 + x23 + x29) = (x5 − 1)h(x).

l�

x5+x11+x17+x23+x29 = (x4+x3+x2+x+1)h(x).



y{3¤
P

ω = cos(
2π

5
) + isin(

2π

5
),

K

x4+x3+x2+x+1 = (x−ω)(x−ω2)(x−ω3)(x−ω4).

P f (x) = x5 + x11 + x17 + x23 + x29. K

f (ω) = ω5 + ω11 + ω17 + ω23 + ω29

= 1 + ω + ω2 + ω3 + ω4

= 0.

Ón��y f (ω2) = f (ω3) = f (ω4) = 0. Ïd

(x− ωi)|f (x)

é i = 1, 2, 3, 4 Ñ¤á§�k

(x− ω)(x− ω2)(x− ω3)(x− ω4)|f (x).

2



~~~34 ( 1Ê3{IêÆc���ÁK). �

P (x), Q(x), R(s), S(x)

´õ�ª§÷v

P (x5)+xQ(x5)+x2R(x5) = (x4+x3+x2+x+1)S(x).

(21)

¦y x− 1 ´ P (x) ���Ïª"

y²µP

ω1 = cos(
2π

5
) + isin(

2π

5
),

ω2 = cos(
4π

5
) + isin(

4π

5
),

ω3 = cos(
6π

5
) + isin(

6π

5
),

K ω5
i = 1 9 ω4

i +ω3
i +ω2

i +ωi+1 = 0 é i = 1, 2, 3

¤á"ò ω, ω2, ω3 ©O�\(21)ªü>�

P (1) + ω1Q(1) + ω2
1R(1) = 0,

P (1) + ω2Q(1) + ω2
2R(1) = 0,

P (1) + ω3Q(1) + ω2
3R(1) = 0.



ùL« (P (1), Q(1), R(1)) ´àg�5�§|

x + ω1y + ω2
1z = 0,

x + ω2y + ω2
2z = 0,

x + ω3y + ω2
3z = 0

��|)"�ù��§|�)�U´ (0, 0, 0),

¤± P (1) = 0, �Ò´`(x− 1)|P (x). 2



~~~35 ( 1981 cc/|êÆ¿mÁK). ¯g,ê n

�Û��

(x2 + x + 1)|[x2n + 1 + (x + 1)2n].

y²µP

ω = cos(
2π

3
) + isin(

2π

3
),

K
x2 + x + 1 = (x− ω)(x− ω2),

ω + 1 = −ω2,

ω2 + 1 = −ω.

P f (x) = x2n + 1 + (x + 1)2n, K

(x2 + x + 1)|[x2n + 1 + (x + 1)2n]

��=� f (ω) = f (ω2) = 0.

©n«�/?Øµ
1¤n = 3m:

ù� f (ω) = 3 6= 0. Ø÷v^�"
2¤n = 3m + 1:

ù�
f (ω) = ω2 + 1 + ω = 0,

f (ω2) = ω + 1 + ω2 = 0.

÷v^�"



3¤n = 3m + 2:

ù�
f (ω) = ω + 1 + ω2 = 0,

f (ω2) = ω2 + 1 + ω = 0.

÷v^�"
(Ø´

(x2 + x + 1)|[x2n + 1 + (x + 1)2n]

��=� 3 6 |n. 2



~~~36 ( p.211-7 ). y² x8 + 1 3knê�þØ�
�"

y²µ- x = y + 1, K�õ�ª¤�

y8 +8y7 +28y6 +56y5 +70y4 +56y3 +28y2 +8y +2,

�âEisenstein �O{ù´knê�þ�Ø��
õ�ª" 2



~~~37 ( 1293PutnamêÆ¿mÁK). Á(½¤

k/X f (x) = a0x
n + a1x

n−1 + · · · + an−1x + an

�õ�ª(n > 0)§Ù¥ a0, a1, . . . , an �U´ 1

½ −1, ¿�Tõ�ª��Ü":Ñ´¢ê"

)µXJk��÷v^�¿�gên�u2�
õ�ªf (x)§Ø��a0 = 1. K

f (x) = (x− c1) · · · (x− cn),

Ù¥ c1, . . . , cn �´¢ê"�âVieta ½nk

c1 + · · · + cn = −a1,∏
1≤i<j≤n

cicj = a2,

(c1 · · · cn)2 = a2
n = 1.

í�

c2
1+· · ·+c2

n = (c1+· · ·+cn)2−2
∏

1≤i<j≤n

cicj = a2
1−2a2 = 1−2a2.

�âØ�ª
c2
1 + · · · + c2

n

n
≥ (c2

1 · · · c2
n)

1
n

k
1− 2a2

n
≥ 1.



Ïd n ≤ 3.

é 1 ≤ n ≤ 3 �Xê� ±1 �õ�ªÅ��

y§��ÎÜK¿�õ�ª�

±(x− 1),±(x + 1),

±(x2 + x− 1),±(x2 − x− 1),

±(x3 + x2 − x− 1),±(x3 − x2 − x + 1).

2



��
p.227

1) J«µ
XJ

f (x)u(x) + g(x)v(x) = 1,

K

f (x)[u(x)− g(x)a(x)] + g(x)[v(x) + f (x)a(x)] = 1.

2) 3) J«µ^��Ïª©)½n"
6) J«µ�ÄS� a, am, am2

, am3
, . . . .

7) J«µ":�ê"



õ�õ�ª~KÀ

~~~38 (p.227,6). � f (x) ´��Ä�õ�ª§®

� ∆(f (x)), ¦∆(f (x2)).



)µ� f (x) = (x− b1) · · · (x− bn). K

f (x2) = (x2 − b1) · · · (x2 − bn).

é 1 ≤ i ≤ n � ci ´�§ x2− bi = 0 ����§
Kx2 − bi = (x− ci)(x + ci). u´

∆(f (x2))

=

n∏
i=1

(ci−(−ci))
2·
∏
i<j

(ci−cj)
2(ci+cj)

2·
∏
i<j

(−ci−cj)
2(−ci+cj)

2

= 4n
n∏

i=1

bi ·
∏
i<j

(c2
i − bj)

2 ·
∏
i<j

(c2
i − bj)

2

= (−4)nf (0)
∏
i<j

(bi − bj)
2 ·

∏
i<j

(bi − bj)
2

= (−4)nf (0)∆(f (x))2.2



~~~39. � ∆ ´¢Xêng�§ x3 + px+ q = 0 �
�Oª§¦y

1¤e ∆ < 0 K�§k��¢�Úü��ÝJ
�¶

2¤e ∆ = 0 K�§kn�¢����kü�
��Ó¶

3¤e ∆ > 0 K�§kn�pØ�Ó�¢�"



y²µ� x3 +px+q = (x−x1)(x−x2)(x−x3).

K
∆ = (x1 − x2)

2(x1 − x3)
2(x2 − x3)

2.

·��� x1, x2, x3 ¥��k��´¢ê§Ø�
�� x1.

1¤� ∆ < 0.

bX x2, x3 Ø´�é�Ý�Jê§K§��´
¢ê§l ∆ ≥ 0, ��½^�gñ"

2¤� ∆ = 0.

bX x2, x3 ´�é�Ý�Jê§K x1, x2, x3

üüØÓ§�∆ = 0 gñ"ÏdK�§kn�¢
����kü���Ó"

3¤� ∆ > 0.

bX x2, x3 ´�é�Ý�Jê§K x2 − x3

´��XJê§�(x2 − x3)
2 < 0. qÏ x1 − x2

Ú x1 − x3 �Ý§�(x1 − x2)(x1 − x3) ´¢ê§
l (x1 − x2)

2(x1 − x3)
2 ≥ 0. ù�Ò� ∆ ≤ 0,

/¤gñ"¤±�§kn�pØ�Ó�¢�"



~~~40 (p.228-16). ¦ f (x) = xn + px + q(n > 1) �
�Oª"



)µ
f ′(x) = nxn−1 + p.

P b1, . . . , bn−1 ��§ nxn−1 + p = 0 ��Ü�"
K

f ′(x) = n(x− b1) · · · (x− bn−1).

u´

R(f, f ′) = (−1)n(n−1)nn
∏

1≤j≤n−1

f (bj)

= nn
∏

1≤j≤n−1

f (bj).



f (bj) = bn
j +pbj+q = −pbj

n
+pbj+q = q+

p(n− 1)

n
bj

= −(n− 1)p

n
[− nq

(n− 1)p
− bj].

∏
1≤j≤n−1

f (bj) = (−(n− 1)p

n
)n−1

f ′(− nq
(n−1)p)

n

=
(−1)n−1[(−1)n−1nnqn−1 + (n− 1)n−1pn]

nn
.

l

R(f, f ′) = (−1)n−1[(−1)n−1nnqn−1 + (n− 1)n−1pn].



�\úª

∆(f ) = (−1)
n(n−1)

2 a−1
0 R(f, f ′)

�

∆(f ) = (−1)
n(n−1)

2 nnqn−1+(−1)
(n−1)(n−2)

2 (n−1)n−1pn.

2



~~~41 (p.228-18). ¦y ∆((x−a)g(x)) = g(a)2∆(g(x)).



y²µ� g(x) = b0(x− x1) · · · (x− xn). K

(x− a)g(x) = b0(x− a)(x− x1) · · · (x− xn).

5¿ (x− a)g(x) ´�� n + 1 gõ�ª"u´

∆((x− a)g(x)) = b2n
0

n∏
i=1

(a− xi)
2 ·

∏
i<j

(xi − xj)
2

= [b0(a− x1) · · · (a− xn)]2 · b2n−2
0

∏
i<j

(xi − xj)
2

= g(a)2∆(g(x)).2



~~~42 (p.228-19). � f (x) = g(h(x)), g(x) ´gê
�u n > 1 �õ�ª§Ù�´x1, . . . , xn. h(x)

´ m > 1 gõ�ª"q g(x), h(x) þ�Ä�õ�

ª§¦y

∆(f (x)) = [∆(g(x))]m(∆(h(x)−x1)) · · · (∆(h(x)−xn)).



y²µd g(x) = (x− x1) · · · (x− xn) �

f (x) = g(h(x)) = (h(x)− x1) · · · (h(x)− xn).

éz� 1 ≤ i ≤ n, h(x) − xi ´ x ���Ä�õ
�ª"�

h(x)− xi = (x− ti1) · · · (x− tim).

P (i, j) < (i′, j′) e i < i′ ½ i = i′ �j < j′. d�

Oª�½Â

∆(f (x)) =
∏

(i,j)<(i′,j′)

(tij − ti′j′)
2

= (
∏

1≤i≤n

∏
1≤j<j′≤m

(tij−tij′)
2)(

∏
1≤i<i′≤n

∏
1≤j,j′≤m

(tij−ti′j′)
2).

(22)

2d�Oª�½Â�∏
1≤j<j′≤m

(tij − tij′)
2 = ∆(h(x)− xi) (23)

éu�½� i < i′, k∏
1≤j,j′≤m

(tij − ti′j′)
2 =

∏
1≤j≤m

(
∏

1≤j′≤m

(tij − ti′j′)
2)

=
∏

1≤j≤m

(h(tij)− xi′)
2 =

∏
1≤j≤m

(xi − xi′)
2



= (xi − xi′)
2m.

u´∏
1≤i<i′≤n

∏
1≤j,j′≤m

(tij − ti′j′)
2 =

∏
1≤i<i′≤n

(xi − xi′)
2m

= [∆(g(x))]m. (24)

ò(23) Ú(24) �\(22) =�¤I"2


