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)
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�
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a 1 0 · · · 0
0 a 1 · · · 0
...

...
. . .

. . .
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0 0 0 a 1
0 0 · · · 0 a










n×n

§

K λIn − Jn (a) �{ª� diag
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1, . . . , 1, (λ− a)n)
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 A �Ð�Ïf"

duØCÏf| d1 (λ) | d2 (λ) | · · · | dn (λ)§¤±lÐ�Ïf|�±
ïØCÏf|§=e�Ð�Ïf|¥¤k�9��Ø��Ïª

� p1 (λ) , . . . , pr (λ)§Ù¥��Ø��Ïª��3Ð�Ïf¥Ñygê
�õ§�� k g§,�rÐ�ÏfUl��m�g�Ø£�I�gO
\¤W\eL£Ø
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1 (λ) · · · p
n1,n
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· · · · · · · · ·
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r (λ) · · · p

nr,n
r (λ)

d1 (λ) · · · dn (λ)
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r
j=1 p
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j (λ)§�

� d1 (λ) | d2 (λ) | · · · | dn (λ) K� A �ØCÏf|"
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�Ð�Ïf|7�Üd�gª�� (λ− a)k
��¤§U
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� λIk − B ≈ diag
(

1, . . . , 1, (λ− a)k
)

"c¡�Ún�Ñ
ù���Ý


"¤±§·�k

½n

�Ý
 A 3 C þ�Ð�Ïf|� (λ− λ1)
n1 , . . . , (λ− λk)

nk§

K A 7�quÝ







Jn1 (λ1)
. . .

Jnk
(λk)




"

þã½n¥�Ý
¡� A � Jordan IO.§/XþãIO./ª�
Ý
¡� Jordan Ý
"lÐ�Ïf|�SN��§Ý

 A � Jordan IO.3ØOz¬3é��� ��´���"

íØ

Eê���5�mþ�?�C� ϕ§þ�3�|Ä§÷v§3ù|Ä
e�Ý
� Jordan Ý
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íØ

� A ´ê� K þ� n ��
§Ke�`{�dµ

1 A 3ê� K þ�é�z¶

2 A �Ð�Ïf|þd�gª�¤¶

3 A �ØCÏf|¥§dn (λ) ��þ3 K ¥�vk�¶

4 A �4�õ�ª��þ3 K ¥�Ã�"

� K = C �§þã(Øo´�("



p��ê£þ°½°¬�§§��<µÁ��§mazhusl@fudan.edu.cn¤

1ÔÙ�qIO.

Jordan IO.

~

?ØÝ
 A =







1 −3 0 3
−2 −6 0 13
0 −3 1 2− a
−1 −4 0 8






� Jordan IO.§¿

3 A � Jordan IO.¥ Jordan ¬ê�u 1 �§¦�_Ý
 P§
¦ P−1AP � Jordan IO."

)µ det (λI4 −A) = (λ− 1)4
§A � Jordan ¬ê�uA��þ|��"

y A �k��A�

�§I4 −A =







0 3 0 −3
2 7 0 −13
0 3 0 a− 2
1 4 0 −7






⇒







1 4 0 −7
0 1 0 −1
0 0 0 a + 1
0 0 0 0






§a 6= −1 ��Ué

���Ã')§Jordan ¬�Uk�¬"� a = −1"d��
) v1 =

(
0 0 1 0

)′
§v2 =

(
3 1 0 1

)′
"�K�e5§

é (A− I4) x = v1 Ú (A− I4) x = v2 ÑéØ�)§

� (A− I4) x = 3v1 + v2 Ué�) v3 =
(
3− 3x4 −x4 − 1 −x3 −x4

)′
§

Ón�ä� x3 − 3x4 + 3 = 0 ��é� (A− I4) x = v3 �

) v4 =
(
3x4 − 4 1− x4 0 0

)′
§� P =

(
v1 v2 v3 v4

)
§=

k P−1AP = diag (J1 (1) , J3 (1))" �
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Jordan IO.�?�Ú?ØÚA^Þ~
� ϕ ∈ L (V) 3 V ��|Äe�Ý
� Jordan Ý

 J = diag (Jn1 (λ1) , Jn2 (λ2) , . . . , Jnk (λk))§Pd|Ä
� v1, . . . , vn1 ; vn1+1, . . . , vn1+n2 ; · · · ; vn1+···+nk−1+1, . . . , vn¶Kk






ϕ (v1) = λ1v1

ϕ (v2) = v1 + λ1v2

· · ·
ϕ (vn1−1) = vn1−2 + λ1 (vn1−1)

ϕ (vn1 ) = vn1−1 + λ1 (vn1 )

§½´µ







(ϕ− λ1I) (v1) = 0
(ϕ− λ1I) (v2) = v1

· · ·
(ϕ− λ1I) (vn1−1) = vn1−2

(ϕ− λ1I) (vn1 ) = vn1−1

u´§·�k ϕ ���ØCf�m V1µ§d v1, . . . , vn1 �5Ü¤§±,�«

�ªw�§T�m´d vn1 , (ϕ− λ1I) (vn1 ) , (ϕ− λ1I)2 (vn1 ) , . . . ,

(ϕ− λ1I)n1−1 (vn1 ) Ü¤� (ϕ− λ1I)n1 (vn1 ) = 0¶éuÙ§�é
� Jordan ¬§þ�±é�Xd�ØC�5f�m"

½Â

� ψ ∈ L (V)§α ∈ V � ψk−1 (α) 6= 0  ψk (α) = 0§K
d α, ψ (α) , . . . , ψk−1 (α) )¤� V �f�m´ ψ ���ØCf�m§¡
� ψ ���Ì�f�m"

ù�§N´y²§α, ψ (α) , . . . , ψk−1 (α) ´TÌ�f�m��|Ä"



p��ê£þ°½°¬�§§��<µÁ��§mazhusl@fudan.edu.cn¤

1ÔÙ�qIO.

Jordan IO.�?�Ú?ØÚA^Þ~

Jordan IO.�?�Ú?ØÚA^Þ~

¤±k

½n

� ϕ ∈ L (V) 3 V ��|Äe�Ý
� Jordan Ý

 J = diag (Jn1 (λ1) , Jn2 (λ2) , . . . , Jnk (λk))§K�3 V ����Ú©)

V =
k⊕

i=1

Vi§Ù¥Vi´ψ− λiI���ni�Ì�f�m"

ù�©)¿Ø´���£=¦ØOgS¤§Öö�±±�ê�u 1 ��5�
mþ�ð�C��~gC`²"Ø��5Ì�´Ó��A���UéA

�Jordan ¬Ø���"�XJ·�3 J ¥rÓ��A��éA� Jordan ¬�
A�Ì�f�m�ÑÚ3�å§ù�Ò��
 V �,�«�Ú©)£z��
A��TéA���f�m¤§ù�©)´���"
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1ÔÙ�qIO.

Jordan IO.�?�Ú?ØÚA^Þ~

Jordan IO.�?�Ú?ØÚA^Þ~

5¿� Jordan ¬�5�µJm (0)m−1 6= 0§ Jm (0)m = 0§éAuA
�� µ �þã�m�d ker (ϕ− µI)n

��"·�¡ù��f�m�

áuA�� µ ��f�m"

½n

� V ´ C þ� n ��5�m§ϕ ∈ L (V) �ØÓA��
� λ1, . . . , λk§P R (λi) = ker (ϕ− λiI)

n
��f�m§K

V =
k⊕

i=1

R (λi)

¡� V �'u ψ ��f�m©)"
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1ÔÙ�qIO.

Jordan IO.�?�Ú?ØÚA^Þ~

~









λ 1
λ 1

. . .
. . .

λ 1
λ










=









1 λ
1 λ

. .
.

. .
.

1 . .
.

λ















1
1

. .
.

1






§

¤±�� Jordan ¬´ü�é¡Ý
�È§dd� C þz��
�´ü�é¡

Ý
�È"�ÏµA = P−1JP = P−1BCP = P−1B
(
P−1

)′
P′CP �ü�é¡Ý


�È"

éu Jordan ¬��§kXe�(Ø§P J0 = Jn (0) , Jλ = Jn (λ)µ

1 K J0A �(J�r A �z1�þ£� §���1Ö"¶AJ0 �(J´

ò A �z���m£� §1��Ö"¶

2 Jk
0 �(J�r J0 ¥� 1 �mþ�£ k  £ k < n ¤§Jn

0 = 0¶

3 � λ 6= 0 �§Jk
λ 3åÌé�� l  �é�²1�þ§��

1

l!

dl

dλl
λk¶¤

±k f (Jλ) 3åÌé�� l  �é�²1�þ��

�
1

l!

dl

dλl
f (λ)§f (x) ∈ C [x]"
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1ÔÙ�qIO.

Jordan IO.�?�Ú?ØÚA^Þ~

e��½n3�ê¥´��é��½n"

½n (Jordan-Chevalley ½n)

� A ´ C þ n ��
§K A 7�©)�ü�Ý
�Ú A = B + C§
Ù¥

1 B �qu��é�
¶

2 C ´�"
¶

3 B � C ¦{���"
þã©)´���§�©)¥�Ý
 B!C Ñ´Ý
 A �õ�
ª"

ù�©)¡� Jordan-Chevalley ©)"
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1ÔÙ�qIO.

Ý
¼ê

éu���
§·��±�\���õ�ª§ù�����Ó��


"´Ø´�±r���
�\����\��:�¼êQº3?Ø

Eêþ�¼ê�§Ï~´rù�¼êw¤�?ê—=õ�ª�4�¼
ê"

X ez = 1 + z +
z2

2!
+ · · ·+ zk

k!
+ · · ·§�"XÓ¢ê�þ§E?ê!E

�?ê�kÂñ5!Âñ�»�Vg§Nõ(ØÚ¢ê�aq"

½Â (Ý
��Âñ)

�k n �E�
�¤�S�
{

Ap
}+∞

p=0
§Ù¥ Ap =

(

a
(p)
i j

)

n×n
§ez�

�½ ���
{

a
(p)
i j

}

3 p→ +∞ �ÑÂñ£ 1 ≤ i, j ≤ n ¤§K¡Ý


�
{

Ap
}+∞

p=0
Âñu

(

limp→+∞ a
(p)
i j

)

n×n
= A§P

� limp→+∞ Ap = A"
��E£�¤?ê§eÙÜ©Ú£¼ê¤S�Âñ§K¡T£�¤?

êÂñ§ÙÚ=�Âñ�4�£¼ê¤"
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1ÔÙ�qIO.

Ý
¼ê

½n

� f (z) = ∑
∞
i=0 aiz

i ´��E�?ê§K

1 XJ A ´���
§f (A) Âñ§Ké?��Ó��_�
 P§
7k f

(
P−1AP

)
�Âñ§� f

(
P−1AP

)
= P−1f (A)P¶

2 e A = diag (A1, . . . , Ak)§f (A) Âñ��=� f (Ai) ÑÂñ
£ 1 ≤ i ≤ k ¤§d�k f (A) = diag (f (A1) , . . . , f (Ak))¶

3 XJ A = Jn (λ)§� f (z) �Âñ�»� R§K
� |λ| < R �§f (A) Âñ

� f (A)















f (λ) f ′ (λ)
f (2) (λ)

2!
· · · f (n−1) (λ)

(n− 1)!

f (λ) f ′ (λ) · · · f (n−2) (λ)

(n− 2)!
. . .

. . .
...

. . . f ′ (λ)
f (λ)
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1ÔÙ�qIO.

Ý
¼ê

e¡¦^Ý
� Jordan IO.9þ¡�½n����Ý
��?êÂ
ñ5"

½n

� f (z) ´Âñ�»� R �E�?ê§A � n �E�
§ÙA��
� λ1, . . . , λn"K

1 � max1≤i≤n |λi| < R �§f (A) Âñ¶

2 � max1≤i≤n |λi| > R �§f (A) uÑ¶

3 � max1≤i≤n |λi| = R �§f (A) Âñ��=�é |λi| = R �z�

A�� λi§?ê f (λi) , f ′ (λi) , , . . . , f (ni−1) (λi) ÑÂñ§ù
p ni � A �Ð�Ïf¥§(λ− λi) Ñy��p�g¶

4 � f (A) Âñ�§f (A) �A��T�

f (λ1) , f (λ2) , . . . , f (λn)"
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1ÔÙ�qIO.

Ý
¼ê

e¡´A�~���?êµ

ez = ∑
∞
i=0

zi

i!
§sin z = ∑

∞
i=0

(−1)i z2i+1

(2i + 1)!
§cos z =

∑
∞
i=0

(−1)i z2i

(2i)!
§ln (1 + z) = ∑

∞
i=1

(−1)i+1 zi

i
§�§é�
§�¦�A

��?ê�Ú"

� A ��"
�§þã?êÚþ�k�Ú§��A�A��©O
� 1!0!1!0"����Ý
©O� I + A!A!I + A!A �q"
�±y²£öS¤µ� A ��"Ý
�§eA � I + A �q"


